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Abstract

Semi-Marlov StodasticPetri Nets(SM-SPNshre a high-

level formalismfor definingsemi-Marlov processes.\W\e

presentan extendedContinuousStodtastic Logic (eCSL)
which providesan expressivavayto articulateperformance
gueriesat the SM-SPNmodellevel. eCSLsupportsgueries
involving steady-state transientand passa@e time mea-
sures. We demonstate this by formulatingand answering
eCSLqguerieson an SM-SPNmodelof a distributedvoting

systenwith upto 107 states.

1 Intr oduction

Formallogics for askingperformance-relatequestionsof
stochasticsystemsprovide a conciseand rigorousway to
posesuchquestionsandallow for the compositionof sim-
ple questiongnto morecomplex queries.Onesuchlogic is
ContinuousStochastid_ogic (CSL), which was originally
presentedn [4, 5] and applied practically to Markovian
statespacesn [6, 7, 18]. CSL can expressperformance
measuredy selectingstatesand pathsfrom a systemthat
meetboth steady-statend passagdime quantile criteria.
CSL hassincebeenappliedto GeneralizedSemi-Marlov
Processe$24] to specify performancepropertieson dis-
creteeventsimulationsput its analyticapplicationto semi-
Markov chainsis relatively recent17].

In this paper we presenextendedCSL (eCSL)which aug-
mentssemi-Marlov CSL with theability to expressaricher
classof passage¢ime quantitiesaswell asmeasuredased
on transientdistributions. Unlike basicCSL, which oper
atesat a state-transitiortevel, eCSLis designedo operate
atthemodellevel. Specificallyit operatemn semi-Marlov
stochastidetrinets(SM-SPNs)8], which areusedhereas
acorvenienthigh-level abstractiothatmapsontoanunder

lying semi-Marlov procesgSMP).Applicationof atempo-
ral logic at the modellevel of a stochasticsystemhasalso
beenattemptedor stochastiprocessalgebragaCSL[16]).

The concept of generatinga semi-Marlov processor
Markov reneval procesdrom a stochastidPetri netis not
new. Indeed,since1984therehave beenmary paperson
non-Markovianstochastid®etrinets[11, 12, 13, 14, 20, 21].

EPSNs[11] were the first proposalfor a non-Markovian
stochastidPetri net formalism. Here, generaldistributions
are allowed on transitionfirings and structuralrestrictions
areimposedon the Petrinetto ensurethateithera Markov

or semi-Marlov processs derived. Classeof transitions
help definethe structuralrestrictions:a transitionis exclu-
siveif, wheneverit is enablednoothertransitionis enabled,;
atransitionis competitivef it is non-exclusive andits firing

bothinterruptsanddisablesall otherenabledransitions;a
transitionis concurentif it is non-exclusive andits firing

doesnotdisableall otherenabledransitions.

It is establishedhat an SMP canonly be generatedrom
anESPNIf transitionswith generafiring-time distributions
(GEN) are constrainedo be exclusive. Markovian transi-
tions (with exponentiaffiring times),onthe otherhand,can
bebothconcurrentlyandcompetitively enabled.

When more than one GEN transitionis enabled[20, 21],
thenissuesof schedulingpoliciesfor residualpre-empted
transitiontimes needto be considered.In [12] threemain
schedulingpolicies for pre-emptedransitionsin Markov
Regeneratie SPNsarepresented:

pre-emptiveresume(prs) the original (firing-time) distri-
bution sampleis rememberecand work done (time
elapsed)is consered for whenthe transitionis next
enabled

pre-emptiverestartidentical (pri) the distribution sam-
pleis rememberedyut work doneis lostandthetran-
sitionfiring delaystartsfrom O whenit is next enabled



pre-emptive restart differ ent (prd) the original distribu-
tion sampleis forgotten,work doneis discardedand
whenthetransitionis next enabledthetransitionfiring
delayis resampledndstartsfrom 0.

It is importantto note that SM-SPNsdo not try to tackle
the issueof concurrentlyenabledGEN transitionsin the
mostgeneralcase. If morethatone GEN transitionis en-
abledthen a probabilisticchoiceis invoked to determine
whichwill befired. Pre-emptedGEN transitionsusea prd

scheduléf they becomere-enabled.This approachs cor-

rectly describedn [21] asnot beinga solutionto the more
comple issueof properlyconcurrentlyenabledGEN tran-
sitions, but is merely a way of specifyinga differenttype
of model- a semi-Marlov modelin factwhereGEN tran-
sitionsareforcedto be exclusive. Wherewe do not have

concurrentlyenabledGEN transitions thenproperconcur

rentandcompetitive transitionbehaiour is cateredor with

prs schedulingor pre-emptedransitions.

We analyseSM-SPNsfor passagend transientquantities
in similar fashionto the Laplacedomainsolutiontechnique
in [14]. In orderto make the calculationgractablefor large
statespacegof the order of 107 statesin this paper),we
useaconstanspaceaepresentatioof theLaplacetransform
functionsbasedn the evaluationdemandf theinversion
algorithm[8]. We useeitherthe Euler [1] methodor the
Laguerre[2] methodwith optimisationg15] to obtainour
final passagéime andtransientdistributions.

Therestof this paperis organisedasfollows. In Section2,
we briefly definethe semi-Marlov processand recapthe
definitionof an SM-SPN.In Section3, we discusshe cur-
rent stateof CSL and highlight thoseareaswhich we en-
hancein eCSL.eCSLitself is presentedvith examplefor-
mulaein Section4. In Section5, we describea distributed
voting systemandcheckeCSLspecification®nit for mod-
elsof upto 107 states.

2 Semi-Markov StochasticPetri Nets

In this section,we recapthe descriptionof a semi-Marlov
processin terms of its underlying discrete-timeMarkov
chain (DTMC) and a sojourntime distribution matrix. It
is shovn how SM-SPNsare definedover a semi-Marlov
statespaceandthat SM-SPNsarea conserative extension
of SPNsandGSPNSs.

2.1 Semi-Markov Processes

Considera Markov renaval process{(X,,T,) : n > 0}
whereT,, is the time of the nth transition (7, = 0) and

X, € S isthestateat the nth transition. Let the kernelof
this procesde:

R(n,i,j, t) = IP(Xn-H =JyTnt1 —Tn <t | X, = l)
1)
for i,j € S. The continuoustime semi-Marlov process
(SMP),{Z(t),t > 0}, definedby thekernelR, is relatedto
the Markov renaval processy:

Z(t) = Xn 2

whereN (t) = max{n : T, < t}, i.e. thenumberof state
transitionsthathave taken placeby time ¢. ThusZ(t) rep-
resentghe stateof the systemattime ¢. We considertime-
homogeneouSMPs,in which R(n, 1, j,t) is independent
of n,i.e.:

R(i,j,t) = pij Hi; (t) 3)

wherep;; = IP(X; = j | Xo = 1) for all n. p;; is thestate
transitionprobability betweerstates; andj and H;;(t) =
P(Thy1 —Tn <t| Xni1 = j, X, = i) isthesojourntime
distribution in state; whenthenext stateis j.

Furtherinformationon the passagéime andtransientanal-
ysis of Markov and semi-Marlov systems specificallyin
the Laplacedomain,canbefoundin [8, 10, 15].

2.2 SM-SPNDefinition

Semi-Marlov stochasticPetri nets [8] are extensionsof
GSPNs[3] which support arbitrary marking-dependent
holding-timedistributions and which generatean underly-
ing semi-Marlov procesgatherthana Markov processAs
discussedhlready it is not intendedthat they be a novel
techniqudor dealingwith concurrently-enable@EN tran-
sitions. They are insteada useful high level vehicle for
eCSL to operateover and for the demonstratiorof large
semi-Marlov modelanalysis.

Formally, an SM-SPN consists of
(PN,P,W,D), where:

a 4-tuple,

e PN = (P, T,I-,It, M) is the underlying Place-
Transitionnet. P is the setof places,T is the set
of transitions,I*/~ arethe forward andbackwardin-
cidencefunctionsdescribingthe connectiondbetween
placesandtransitionsand M, is theinitial marking.

e P:T x M — Z%, denotedp;(m), is a marking-
dependenpriority functionfor atransition.

e W:T x M — ', denotedw; (m), is a marking-
dependentveight function for a transition, to allow
implementatiorof probabilisticchoice.



e D:TxM— (RT — [0,1]), denotedd;(m,r), is
a marking-dependerdgumulative distribution function
for thefiring time of atransition.

In the above, M is the setof all markingsfor a given net.
Further we definethefollowing generahet-enablingunc-
tions:

e &N ¢ M — P(T), afunction that specifiesnet-
enabledransitionsfrom a givenmarking.

e &p : M — P(T), afunctionthat specifiespriority-
enabledransitionsfrom a givenmarking.

The net-enablingunction, £y, is definedin the usualway
for standardPetrinets:if all precedingplaceshave occupy-
ing tokensthenatransitionis net-enabledSimilarly, we de-
fine the more stringentpriority-enablingfunction, Ep. For
agivenmarking,m, £p(m) selectonly thosenet-enabled
transitionsthathave thehighestpriority, i.e.Ep(m) = {t €
En(m) : pr(m) = max{py (m) : t' € Ex(m)}}. Now for
a givenpriority-enabledransition,t € £p(m), the proba-
bility thatit will bethe onethatactuallyfiresaftera delay
sampledrom its firing distribution, d;(m, r), is:

wy(m)

Et’egp(m) wy (m)

P(t € Ep(m) fires) = 4)

Notethatthe choiceof which priority-enabledransitionis

firedin any givenmarkingis madeby a probabilisticselec-
tion basedn transitionweights,andis not aracecondition
basedon finding the minimum of samplesextractedfrom

firing-time distributions. This mechanismenableghe un-

derlying reachabilitygraph of an SM-SPNto be mapped
directly ontoa semi-Marlov chain.

2.3 ExpressingSPNsand GSPNsasSM-SPNs

The marking-dependencef the weightsand distributions
allows us to translateSPNsand GSPNsinto the SM-SPN
paradigmin astraightfornardmanner An SPNcanbespec-
ified in the SM-SPNformalismin the following way. We

let ¢ representhe exponentialfiring rateof atransition,t,

in the SPN.Thenp,(m) = 0 for all t,m; w,(m) =

for all m; dy(m,r) = 1 — exp(—u*r) where p* =

2t eey (m) b 1-€.thesumof thefiring ratesof theenabled
transitions.

For GSPNs,the situationis very similar except that the
immediatetransitionshave priority over the timed transi-
tions. Thetranslationto SM-SPNnecessarilydistinguishes
betweertimed transitions(t € T3, having rate ;) andim-

mediatetransitions(t € T», having a probabilisticweight

ca):pe(m)=0ift € Ty, 1if t € Ty, we(m) = p if t € Th,
cy if t € Ty; di(m,r) = 1 — exp(—p=r) if t € Ty, H(r;0)
if t € Ty, wherep” = Sieep(m) Et'eep(m) ey H(r;a)
is the Heaviside functionwith stepattime a, andég is 1 if
conditionB is trueand0 otherwise.This givesusa mean-
ingful combinedexponentialrate, 1>, if only exponential
transitionsarepriority enabled.

3 CSL
3.1 TechnicalSummary

In orderto make detailedcomparisonswith CSL, andto
understandully the enhancementwe introducein eCSL,
we first presenta detailedsummaryof the standardCSL as
usedin [6, 7, 18, 17].

For our purposes,a semi-Marlov CSL (similar to [17])

is defined directly over a semi-Marlov state space,
(S, P, H, A), whereS§ is the setof states,P is the embed-
dedprobabilitytransitionmatrix, H is thestateholdingtime
distribution matrix and A is a statelabelling function. This
labelling function attachesmultiple labelsto every state,
andallows statedo beidentifiedby a moremeaningfulan-
notationthantheir integerpositionin thetransitionmatrix.

A generalCSL formulais definedasfollows:

Y oA |0 Sp@) | Ppw) )

v ¥ xv|wuTw (6)
S representsa steady-stateondition and P representsa
passagéime conditionon a setof pathsdefinedby ). The
valuesp andr representangeof allowedprobabilitiesand
times,respectiely’.

The semanticof thelogic areexpressedy statingthe pre-
ciseconditionsunderwhich asinglestates satisfieseachof
the possibleclausesf a ¥-formula; asfor othertemporal
logicsthisis written s = ¥.

The clausea is a label and a states satisfiesthat label if
a € A(s). Thususingthe not and conjunctie clausesin
combinationwith labellingallows whole setsof statego be
definedwith a ¥-formula. The setof statesspecifiedn this
manneris written Sat(¥) = {s € S | s|= ¥}.

Thusthe steady-statelauseSp(¥) definesa setof states
S; = Sat(¥) andis trueif the sumof thelong termproba-
bilities of the statedn S; liesin therangep.

lin CSL, p andT areusuallyrepresentesvith < z = {y : 0 <y <
z} wherez needsto be rationalfor modelcheckingto be decidablef4];
we useanarbitrarysetherefor notationalsimplicity.



3.2 Formal CSL semantics

Theformal semanticof CSL are:

sk tt for all s

sEa iff a € A(s)

$|ZII’1/\II’2 iff8|:l111/\8|:\:[’2

sk -0 iff s b (7)
sk Sp(¥) iff II; € p where j = Sat ()

sk Pp(v) iff IP(c € Path(s) |cE=v) €p

wherePath(s) is the setof all pathsstartingfrom s. The
quantityl‘[;. is the long term probability of beingin ary of
thestatedn f

Further a patho satisfiesa pathformula, ), asfollows:

ocE XY iff Jo[1]= ¥
cE T, UT O, iffJuerT.
(cQul= Ty AVU < u,0Qu' = T4)

(8)
whereo[1] is a stateimmediatelysucceedinghe startstate
of o; 0@t is the statethatthe systemis in attime ¢t on the
patho.

The X pathoperatoris often referredto asthe next state
opefator andis usedto extractan aggr@ateDTMC proba-
bility for selectinga givensetof successostatesSat ().

Finally, thetime-boundedintil formula, ¥, U™ ¥, specifies
asetof pathsstartingin asinglestates which satisfy ¥ for
thedurationof thepathandterminatewhenthey satisfy¥,,
andthisis furtherrestrictedo completethe passagén time
ueET.

3.3 Opportunities for Enhancing CSL

Thereare threemain issuesregardingthe specificationof
performanceneasurethatarisefrom thedefinitionof CSL:

1. Only asinglestartstatecanbe specifiedfor the time-
boundeduntil formula with the existing formulation
of CSL. Passagdime specificationsare more expres-
sive when associatedvith mary possiblestart states
(asshavnin [8, 15]). Thisis usefulwhenaskingper
formancequestion®f highlevel formalismswherethe
startandendconditionsfor a passagenay not neces-
sarily specifya uniguestate.

2. Thereis no ability to expressperformanceconditions
basedon transientdistributions.

3. Althoughcompoundormulaeof steady-statandpas-

sagetime constraint$ are, technically speaking,al-
lowed, the meaningof the derived formulaeis some-
whatobscure.

As an example of this last point, we consider
Pp, (Sp,(¥1) UT ¥,) which would define a passage
along a set paths that consistsof stateswhich satisfy
Sp,(¥1), andterminatesatisfying¥,. As long asSat(¥1)
hasa steady-stat@aluein p, (andthe underlyingprocess
is irreducible),thenall stateswill satisfySp,_ (¥1), which
thereforerepresentso constrainton the selectedpathsat
all. Alternatively, if Sat(¥;) doesnot have a steady-state
valuein p,, thenonly pathsof length0 maybeselected.

Similarly abstrusewould be an S formula which relied
on the possiblestart statesof a P formula, for example,
Sp, (Pp2(\111_ _U"' ¥,)): thatis, cal_culatingthe long term
stateprobability overthe setof possiblestartstatesof the P
portion.

It is herethatwe detecta slight conflict betweerthe world

of model-checkingwhichis concernedvith finding a state
or setof stateswhich satisfya temporalproperty andthe
world of performancanodelling, wherethe setsof states
tendto be known entities and the unknovn quantity is a

probabilityor time value.

4 eCSL

We now presentan extensionto CSL, calledeCSL,which

canexpressa greatervariety of performanceelatedques-
tions: for example, transientdistribution-basedoroperties
andmultiple startstatedor bothpassagandtransieniprop-

erties. Unlike standardCSL, which is applieddirectly to

a labelledMarkovian statespace eCSL operaten semi-
Markov stochastidPetri nets,which canexpressary semi-
Markov modelor Markovian modelwith immediatetransi-
tions.

eCSL complementsCSL, insofar as CSL concentrates
on describing propertieswhich are formally decidable,
whereaseCSL focuseson providing performancequeries
of amorepragmatimnature.

For thereasonglivenin Section3, we remove the possibil-
ity of specifyingcompoundormulaein themannerof CSL.
This highlights a pleasantbstractiorwithin the new tem-
porallogic: we now have onelayer for specifyinga setof
statesanda separatéayerfor specifyingperformancerite-
ria.

2|t is interestingto notethatthe steady-statelause,S, wasnot origi-
nally partof the CSL syntaxaslaid down in Aziz etal [4] or in their later
paper[5], soin that formulationonly compoundpassagédime formulae
would have beenpermitted.



We alsosimplify the pathformulaeof the original CSL and
insteadspecifypathsby providing high-level rulesthatyield
a setof startstatesa setof terminatingstatesanda setof
excludedstatesthoughwhich a path cannotpass. Taking
into accountthe fact that CSL could not specify multiple
startstatesthisis equivalentlyexpressveto thelogical until
formula, which provides a single start state,a setof end
statesand a set of statesthat the passageés restrictedto.
In eCSL,setsof stateshemselesarespecifiedin termsof
markingson the semi-Marlov stochastidPetrinet.

As we will see,thesesimplificationsmake for a formal-
ism which mapsmore pleasantlyonto both Petri netsand
the underlying stochastioquantities. It also keepssimple
the pathformulaerequiredto specifycomple performance
measures.

4.1 The Syntaxof eCSL

We definethe syntaxof eCSL over SM-SPNs. An eCSL
statement, ¥, acting on an SM-SPN systemwith set of
markings,M , is definedby:

def

v Y o |oAw|-D
v ¥t ‘p[N] zﬁ/\w‘—'@b 9)

Here we have deliberatelyseparateaut the statespecifi-
cation y-formulaefrom the performancespecification®-
formulae. This avoids the conceptuaproblemsassociated
with the compoundperformancepropertiesthat arise in
CSL, while still being sufficiently expressie to allow for
multiple simultaneouperformanceeriteriato be specified.
We definethe function which operaten a +-formulaand
extractsthesetof all stateghatsatisfyit asSat(y) = {m €

M [ m =},

In the ) specification, N € 2N andp[N] is satisfiedif the
numberof tokenson placep in somestatem is in the setof
allowednumbersof tokensN. As with CSL, p € 2% isa
setof allowedprobabilitiesandsimilarly = € 219! is aset
of times.

Sp(v) is trueif the steady-stat@robability of beingin the
setof statesdefinedby 4 liesin thesetp.

7;,7' (11,1) is satisfiedby a setof startstatesf the proba-
bility of the systembeingin statesSat(«;) attimet, while
not having passedhroughstatesSat(«»), liesin p for all
timest € T (shown for anarbitrarytransientistributionin
Fig. 1).

Finally, PZ,' (v1,12) istruefor asetof startstatesf theran-
domvariablerepresentinghe passageime to target states

Probability

X

Time

Fig. 1. An example of a transient constraint
mE= 7}% (¥) whic h is satisfied by a transient
distrib ution in the shaded area.

Sat (1), while not having traversedstatesin Sat(«2), lies
in therangeof timesT with probabilityp € p.

For ahigh-level modellingparadigmwe believe thatspeci-
fying rulesfor setsof excludedstateds simplerthanhaving

to specifyexplicitly all the permittedstatesfor a pathwith

state-by-statéogical formulae,asusedby standardCSL on
corventionallylabelledstatespaces.

4.2 Examplesof eCSL Formulae

As an exampleof how eCSL could be usedto poseper
formancequestionsn practice we considerthe problemof
finding thevalueof ¢ thatsatisfiegheformula:

Sat(p1[35] A ps[10]) = Pl (p2[175] po[L])  (20)

The questionbeing asled is: what is the probability that
a definedpassagdakes lessthantime 10? The passage
time quantityis definedby thesourcestateg [35] A p5[10],
by the tamgetstates,[175] andtaking into accountthe ex-
cludedstatespg[1]. Theseexpressionglefinesetsof states,
for instancep; [35] A ps[10] selectsall the Petrinetmarkings
which have 35 tokensin p; and10tokensin ps.

If we wishto definemultiple performanceequirementsgor
asinglesetof startstateson a systenthenwe might ask:

Sat(p1[35] A ps[10)) |=
(Porsoh 211751, po[1) A P e (213201, pi[4)))
(11)

This expresseghe needto achiese a 90% quantilefor a
passagédime within the first 10 time units of the passage



startinganda 98%quantile overadifferentpassagewithin
100time units. In this way, multiple quality of servicere-
guirementsnaybesuccinctlyexpressedndverifiedwith a
singleeCSLformula.

If distinct start statesare requiredfor eachperformance
measurewe could composaghemasfollows:

(Sat(ps[10]) = Py a0 (p2175], pol1)) A

(Sat(pi[35]) = 7557 (22[320), po[4)))  (12)
4.3 Formal StochasticSemanticsof eCSL

In this section,we formally definethe satisfiabilityformu-

laefor eCSLover SM-SPNs.Theseareexpressedn terms
of a marking, m, of an SM-SPNwherem(p) is the num-
ber of tokensat placep in the marking. We testindividual

markingsof the Petri net againstevery allowed combina-
tion of ¥ andy-expressionsAs before theseareevaluated
in termsof individual satisfiabilityquestionse.g.m = 1,

which poseghequestion:doesthesinglestatem satisfythe
formulay, ?

Formally, for the generak)-expression:

mp= tt for all m

ml=p[N]  iftm(p) €N (13)
mEY Ay iffmE AmE= s
mE—p iffmy

Importantly the ¥-formulae are satisfied by vectors of
markingsor states. This is so thata configurationof mul-
tiple startstatescanbe definedand usedto specify corre-
spondingmultiple performanceroperties.This overcomes
a restrictioninherentin CSL: specificallythat of only be-
ing ableto expressperformanceropertieswith singlestart
states.

mp= tt for all

mE U AT, iff 77 f= @y A= Oy

mE - iff o7 £ @

ik Sp(¥) iff IT; € p where j = Sat()

= Tg (Y1,1) iffVE e T,T:;;(t) € p where
7= Sat(yr), k = Sat(t»)
iff ]P(P%_ € T) € pwhere

7 = Sat(¢1), k = Sat(¢s)

i P (1, v2)

(14)
Thesteady-stateperatorﬂ; representthelongtermprob-

ability of beingin the setof statesf (independenof ary
startstate,if the underlyingsystemis irreducible).

For thetransientoperator 7, we have a modifiedtransient
distribution function to take accountof the excludedstates
in &
TE(t) =) adP(Z(t) € | Z(0) = i,Vt' < t. Z(¢') ¢ F)
i€

(15)
The IP(-) term inside the summationdescribeshe condi-
tional probability that the SMP is in a statein 7 at time ¢
giventhatit startedrom astate; andhasneverbeernthrough
ary statein k. This probabilityis finally deconditioneaver
the setof all the possiblestartstatesin i. & is takento be
anormalisedsteady-statgector, but thereis noreasorwhy
it could not be generalisedo an arbitraryinitial weighting
vector, specifiedby the user(althoughthereis not currently
syntacticsupportfor thisin eCSL).

Similarly for the passagdime operator P, we can mod-
ify the passagd¢ime randomvariableto incorporatethe ex-
cludedstatesvectork:

P%.: Zaiinf{u >0:Z(u)€ej
ici

| Z(0) =i,Vu' <u.Z(u') ¢k} (16)

Calculating the modified passage time probability,
]P(P;fﬁ € T) € p, or transientprobability, T;’“f(t), quanti-
ties involves straightforvard modificationof the formulae
of the standardbassagdéime andtransientformulaefor an
SMP(8]. All theexcludedstatesn anexclusionset, k, are
removed from the embeddedTMC (Vi € S,k € k let
pir, = 0 andpyg; = 0), while renormalisinghe probabilities
asnecessaryso that Zj pi; = 1for all ¢. Therenormal-
ising of the DTMC, after removal of the excludedstates,
reflectsthe conditionalnatureof Eq. (15) andEg. (16).

4.4 Practical eCSL Implementation

In practice,thetransientformuIaT[,"(@bl,zpz) is approxi-
matedby theconstrainthatthediscretesamplef thetran-
sientdistribution, as extra}ctedfrom the numericalLaplace
transforminversionof Til“;*(s), all lie within the specified
probability range, p. The approximationarisesbecause
the function may have fluctuationsoutsidethis range,on
a timescaleshorterthanthe samplingfrequeng. If neces-
sarythe modellercanincreasethe samplingfrequeng on
thetransientfunctionasappropriate.

It is not envisaged,as would be expectedwith a tradi-
tional temporallogic, that the set of start statessatisfy-
ing an eCSL formula would be an unknawvn in an eCSL
equation,e.g. find the start statesni that satisfy the for-

muIaT(f)l_gf]O) (pz|M /2], ps|N]) for someconstants\/ and



Tab. 1. Comple xity of diff erent ¥-formulae if
the start-state set is known.

| eCSLclause Compleity |
(2 O(N)
Sp(¥) O(N?log N) to O(N?®)
Ph(W1,2)  G(¥2)
Tg (W1,2)  [Sat(Tg (¥1,42))1Sat(1)] G(¢2)

N. Thisis reasonablasthe exclusionof compoundper

formanceformulae,for otherreasonsmeanghatthe mod-

elleris neverusingaperformanceneasurédo defineasetof

statego usein asecongerformanceneasureSo,although
certainlypossiblejt is alsonotadvisableasthesearctspace
for an unknawn subsetof startstateswith a given perfor

mancepropertycouldbe O(2") in theworstcase.

Of more practicaluseto the performancemodelleris the
calculationof the time and probability constraints,p and
T, in the eCSLformulae,when startstatesand end states
are defined. For this situation, we give some complex-
ity resultsin Tah 1. G(v) is the compleity of calculat-
ing the Laplacetransformof Pg a single start-statepas-
sagetime densitymeasurewhere is the formula defin-
ing the excludedstates . With the constantspacerepre-
sentationof transforms[8] and a densestatespace,using
SOR matrix inversionor similar, G(1) is O(N'?), where
N' = N — |Sat(¢)|. Usingiterative semi-Marlov passage
time calculationtechniqueg8] andassuminga sparsestate
spacejn practiceG goesmorelike N2 log(N'). By using
anappropriateormalisedrector, &, passage-timmeasures
with multiple initial statescanbe simultaneouslygalculated
atthesamecostasfor asinglestart-statgpassagéfrom [8]).
Transientmeasuresn SMPsare expensve to compute,as
thecompleity is governedby the productof the sizeof the
setsof targetandinitial statedn theformula,alongwith the
standargpassagéme densitycalculationcost[22].

5 eCSL PerformancePropertiesin Action
5.1 The Voting Example

Fig. 2 shavs the distributedcomponent®f a voting system
with breakdevnsandrepairswhich we will useto generate
asemi-Marlov model. A voting agentqueuego votein the
buffer; then,asa polling unit becomesree, the polling unit
canreceve the agents vote and the agentcan be marked
ashaving voted. The polling unit contactsall the currently
operationakentralvoting unitsto registervoteswith all of

them;thisis donein orderto preventmultiple votefraudand
to provide fault tolerancethroughredundang. The polling
unitthenbecomeswailableto receve anothewoting agent.

Multiple “polling unit” servers

N Multiple redundant
voting units

Queue of
voting agents

Fig. 2. A queueing model showing the distinct
distrib uted components of the voting system
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Fig. 3. A semi-Mark ov stoc hastic Petri net of a
voting system with breakdo wns and repairs

The semi-Marlov stochasticPetri net for this systemis
shawvn in Fig. 3. Voting agentsvote asynchronouslymov-
ing from placep; to p» asthey do so. A restrictednumber
of polling unitswhich receve their votestransitt¢; to place
p4. At to, thevoteis registeredwith asmary centralvoting
unitsasarecurrentlyoperationaln ps.

The systemis consideredo bein a failure modeif either
all the polling unitshave failedandarein p; or all thecen-
tral voting unitshave failedandarein pg. If eitherof these
completefailuresoccur, thenwith high priority a repairis
performedwvhichresetghefailedunitsto afully operational
state.If someputnotall thepolling or votingunitsfail, they
attemptself-recavery. Thesystemwill continueto function
aslong asat leastone polling unit and onevoting unit re-
mainoperational.

This exampleis definedin full asa DNAmacaspecifica-



\transition{t5}{
\condi ti on{p7 > M\t 1}

\action{
next->p3 = p3 + MM
next->p7 = p7 - MM
}
\ wei ght {1. 0}

\priority{2}
\'sojourntimeLT{ return
(0.8 * uniform(1.5,10,5s)
+ 0.2 * erlang(0.001,5,s)); }

Fig. 4. Excerpt from specification of voting ex-
ample, showing definition of transition t5.

tion [19], an excerptof which is showvn in Fig. 4. This de-
finestransitionts, sayingthatit:

e is enabledwhen placep; hasgreaterthan MM — 1
tokensin it.

e removes MM tokensfrom placep; andaddsMM to-
kensto placeps, whenfired.

e hasa weight 1.0 (usedto defineprobabilisticchoice
betweertransitionswhentwo or moreareenabled).

e hasa priority of 2, which will enableit above other
transitionswhich would otherwisebe structurallyen-
abledbut have alower priority.

e is given a firing distribution which, with probability
0.8,is auniformdistribution or, with probability0.2,is
an Erlangdistribution. The Laplacetransform,g*(s),
for thisfiring-time distributionis of theform:

p X uniformLT (a,b,s)+ (1 —p) X erlangLT (A, n, s)

e")/(s(b—a))

whereuniformLT (a,b,s) = (e~ *° —
anderlangLT (A, n,s) = (A/(A + 8))™.

In general, an arbitrary Laplace transform function
can be specified as a firing distribution using the
\'sojourntimelLT{...} pragma.

5.2 Analysis

We analysethe voting system, which is natively semi-
Markov, using eCSL formulae. GSPNsand SPNscan be
gueriedin exactly the sameway, oncethey have beencon-
vertedto SM-SPNsusingthetechnique®f Section2.3.

Tab. 2. Different system configurations used
in the eCSL analysis
| System # States |
cC MM NN
A 18 6 3 2061
B 60 25 4 106,540
C 175 45 5 1,140,050
D 300 80 10 10,991,400

Sys.A. W1 Sat(p:[18] A p3[6] A ps[3])
(T (0a[5] Ap3[6] Aps[3], 1) AS(ry (po[5] A ps[6] A
ps[3]))
Find probability p that the systemhasprocesseadx-
actly 5 votersafteraresetattime ¢, andcorresponding
steady-statevalue 7. A graphof p againstt is pre-
sentedin Fig. 5; note how the transientdistribution
tendstowardsits correspondingteadystatevalue.

Sys.B. Wy: Sat(p;[60] A p3[25] A ps[4]) =
50,83)
725) 0015 0.007) (P2[30] A p3[25] A ps[4], ff)
Doesthe systemprocessexactly half its votersinside
theboundst = 50 andt = 83, within the probability
range(0.0015, 0.007); seeFig. 6.

Sys.C. Wy Sat(pi[35] A ps[10)) = P (pa[175], po[1])
Find the probability p thatthe last %«35 votersare pro-
cessedwithin time ¢ given that therewere no central
voting unit failures. The passagd¢ime CDF is shavn
in Fig. 7; we see,for example,that with probability
0.835,the last 35 votersare processedvithin 86 sec-
onds.

Sys.D. ¥y Sat(p:[300] A p3[80] A ps[10]) |
P (p2[300], )
Fmd theprobabilityp thatall 300votersareprocessed
within time ¢. The passag¢ime distribution from this
10.9million stateSMPis shavnin Fig. 8.

6 Conclusion

We have describedan extended Continuous Stochastic
Logic (eCSL)whichcanbeusedto askformal performance
guestionsof semi-Marlov models(aswell as GSPNsand

SPNs). eCSL enhancesorventional CSL by supporting
a wider rangeof performancequestions,suchas passage
timeswith multiple sourcestatesandtransientmeasures.

We alsopresented semi-Marlov Petrinetformalism(SM-
SPN)which we useto specify semi-Marlov systemsi.e.
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Fig. 5. Transient measure and steady-state
measure ¥, for system A: 2061 states
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1,140,050 states

oneswith morethanjust exponentialandimmediatetran-
sitions. eCSL was definedin terms of markingson an
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Fig. 8. Passage time quantile ¥, for system D:
10,991,400 states

SM-SPN,giving the modellera more pleasan@bstraction
with which to expressperformancequestionghanthe ac-
tual statespacewould provide.

Finally, we analysedCSL-denedperformancejuerieson
semi-Marlov systemf up to 10.9million statesthisis a
considerableadwanceon the previous stateof the art for a
semi-Marlov system.

As future work, we would like to reducethe complexity of

verifying the eCSL formulae. In particular the transient
constrainis currentlycomputationallyintensve andit may
be possibleto performa transientdistribution checkin the

sameamountof time asrequiredfor a passageime calcu-
lation. Also by looking at somemoregeneralky initial dis-

tribution vectors,it may be possibleto derive satisfiability
setsfor generakeCSLexpressionsn polynomialtime.
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