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Abstract

Semi-Markov StochasticPetri Nets(SM-SPNs)are a high-
level formalism for definingsemi-Markov processes.We
presentan extendedContinuousStochastic Logic (eCSL)
which providesanexpressivewayto articulateperformance
queriesat theSM-SPNmodellevel. eCSLsupportsqueries
involving steady-state, transient and passage time mea-
sures. We demonstrate this by formulatingand answering
eCSLquerieson an SM-SPNmodelof a distributedvoting
systemwith up to ����� states.

1 Intr oduction

Formal logics for askingperformance-relatedquestionsof
stochasticsystemsprovide a conciseand rigorousway to
posesuchquestionsandallow for the compositionof sim-
plequestionsinto morecomplex queries.Onesuchlogic is
ContinuousStochasticLogic (CSL), which wasoriginally
presentedin [4, 5] and applied practically to Markovian
statespacesin [6, 7, 18]. CSL can expressperformance
measuresby selectingstatesandpathsfrom a systemthat
meetboth steady-stateand passagetime quantilecriteria.
CSL hassincebeenappliedto GeneralizedSemi-Markov
Processes[24] to specify performancepropertieson dis-
creteeventsimulations,but its analyticapplicationto semi-
Markov chainsis relatively recent[17].

In this paper, we presentextendedCSL (eCSL)which aug-
mentssemi-Markov CSLwith theability to expressaricher
classof passagetime quantitiesaswell asmeasuresbased
on transientdistributions. Unlike basicCSL, which oper-
atesat a state-transitionlevel, eCSLis designedto operate
at themodellevel. Specificallyit operateson semi-Markov
stochasticPetrinets(SM-SPNs)[8], whichareusedhereas
aconvenienthigh-levelabstractionthatmapsontoanunder-

lying semi-Markov process(SMP).Applicationof atempo-
ral logic at the modellevel of a stochasticsystemhasalso
beenattemptedfor stochasticprocessalgebras(aCSL[16]).

The concept of generatinga semi-Markov processor
Markov renewal processfrom a stochasticPetri net is not
new. Indeed,since1984therehave beenmany paperson
non-MarkovianstochasticPetrinets[11, 12, 13, 14, 20, 21].
EPSNs[11] were the first proposalfor a non-Markovian
stochasticPetri net formalism. Here,generaldistributions
areallowed on transitionfirings andstructuralrestrictions
areimposedon thePetrinet to ensurethateithera Markov
or semi-Markov processis derived. Classesof transitions
helpdefinethestructuralrestrictions:a transitionis exclu-
siveif, wheneverit is enabled,noothertransitionisenabled;
a transitionis competitiveif it is non-exclusiveandits firing
both interruptsanddisablesall otherenabledtransitions;a
transitionis concurrent if it is non-exclusive andits firing
doesnot disableall otherenabledtransitions.

It is establishedthat an SMP canonly be generatedfrom
anESPNif transitionswith generalfiring-timedistributions
(GEN) areconstrainedto be exclusive. Markovian transi-
tions(with exponentialfiring times),on theotherhand,can
bebothconcurrentlyandcompetitively enabled.

When more than oneGEN transitionis enabled[20, 21],
then issuesof schedulingpolicies for residualpre-empted
transitiontimesneedto be considered.In [12] threemain
schedulingpolicies for pre-emptedtransitionsin Markov
RegenerativeSPNsarepresented:

pre-emptiveresume(prs) theoriginal (firing-time) distri-
bution sampleis rememberedand work done (time
elapsed)is conserved for when the transitionis next
enabled

pre-emptiverestart identical (pri) the distribution sam-
ple is remembered,but work doneis lost andthetran-
sitionfiring delaystartsfrom 0 whenit is next enabled
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pre-emptiverestart differ ent (prd) the original distribu-
tion sampleis forgotten,work doneis discarded,and
whenthetransitionis next enabled,thetransitionfiring
delayis resampledandstartsfrom 0.

It is importantto note that SM-SPNsdo not try to tackle
the issueof concurrentlyenabledGEN transitionsin the
mostgeneralcase. If morethat oneGEN transitionis en-
abledthen a probabilisticchoice is invoked to determine
which will befired. Pre-emptedGEN transitionsusea prd
scheduleif they becomere-enabled.This approachis cor-
rectly describedin [21] asnot beinga solutionto themore
complex issueof properlyconcurrentlyenabledGEN tran-
sitions,but is merelya way of specifyinga different type
of model– a semi-Markov modelin factwhereGEN tran-
sitionsare forcedto be exclusive. Wherewe do not have
concurrentlyenabledGEN transitions,thenproperconcur-
rentandcompetitivetransitionbehaviour is cateredfor with
prsschedulingfor pre-emptedtransitions.

We analyseSM-SPNsfor passageandtransientquantities
in similar fashionto theLaplacedomainsolutiontechnique
in [14]. In orderto makethecalculationstractablefor large
statespaces(of the order of ��� � statesin this paper),we
useaconstantspacerepresentationof theLaplacetransform
functionsbasedon theevaluationdemandsof theinversion
algorithm[8]. We useeither the Euler [1] methodor the
Laguerre[2] methodwith optimisations[15] to obtainour
final passagetimeandtransientdistributions.

Therestof this paperis organisedasfollows. In Section2,
we briefly definethe semi-Markov processand recapthe
definitionof anSM-SPN.In Section3, we discussthecur-
rent stateof CSL andhighlight thoseareaswhich we en-
hancein eCSL.eCSLitself is presentedwith examplefor-
mulaein Section4. In Section5, we describea distributed
votingsystemandcheckeCSLspecificationson it for mod-
elsof up to ����� states.

2 Semi-Markov StochasticPetri Nets

In this section,we recapthedescriptionof a semi-Markov
processin terms of its underlying discrete-timeMarkov
chain (DTMC) and a sojourntime distribution matrix. It
is shown how SM-SPNsare definedover a semi-Markov
statespaceandthatSM-SPNsarea conservativeextension
of SPNsandGSPNs.

2.1 Semi-Markov Processes

Considera Markov renewal process	�

���������������������
where ��� is the time of the � th transition( ���! "� ) and

���$#!% is thestateat the � th transition.Let thekernelof
this processbe:& 

�'��()�+*��-,��. 0/ 12
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(1)
for ()�C*D#E% . The continuoustime semi-Markov process
(SMP), 	5FG

,��H��,I�9�J� , definedby thekernel

&
, is relatedto

theMarkov renewal processby:

FK
3,��L 0�AM2NPO3Q (2)

where R!
3,��2 ESAT5UV	��W�����X=Y,)� , i.e. thenumberof state
transitionsthathave takenplaceby time , . Thus FG

,�� rep-
resentsthestateof thesystemat time , . We considertime-
homogeneousSMPs,in which

& 
3�'�-()�+*���,�� is independent
of � , i.e. : & 
3()�+*���,��L [ZV\^]�_A\`]a
3,�� (3)

whereZV\^]b �/ 1c
3� 6  d*�?�� �  e(B� for all � . ZV\^] is thestate
transitionprobability betweenstates( and * and _A\`]�

,��� / 1c

� ��476 :f� � =9,@?H� �5476  !*���� �  0(g� is thesojourntime
distribution in state( whenthenext stateis * .
Furtherinformationon thepassagetime andtransientanal-
ysis of Markov and semi-Markov systems,specificallyin
theLaplacedomain,canbefoundin [8, 10, 15].

2.2 SM-SPNDefinition

Semi-Markov stochasticPetri nets [8] are extensionsof
GSPNs [3] which support arbitrary marking-dependent
holding-timedistributionsandwhich generatean underly-
ing semi-Markov processratherthana Markov process.As
discussedalready, it is not intendedthat they be a novel
techniquefor dealingwith concurrently-enabledGENtran-
sitions. They are insteada useful high level vehicle for
eCSL to operateover and for the demonstrationof large
semi-Markov modelanalysis.

Formally, an SM-SPN consists of a 4-tuple,

h�Ri��jk�-l��gmA� , where:

n h�R  o
phq���c�srJt;�-r 4 �su � � is the underlyingPlace-
Transitionnet. h is the set of places, � is the set
of transitions,r 4wv t aretheforwardandbackwardin-
cidencefunctionsdescribingtheconnectionsbetween
placesandtransitionsand u � is theinitial marking.n jx�L�zy|{ }~FBF 4 , denotedZ O 
3�i� , is a marking-
dependentpriority functionfor a transition.n l �w�Ey${ }o/ � 4 , denoted� O 
3�i� , is a marking-
dependentweight function for a transition, to allow
implementationof probabilisticchoice.



n m�����y�{ }�

/ � 4 }�� �������3� , denoted� O 
3�<���5� , is
a marking-dependentcumulative distribution function
for thefiring timeof a transition.

In the above, { is the setof all markingsfor a givennet.
Further, we definethefollowing generalnet-enablingfunc-
tions:

n[� M ��{ } h�
3�2� , a function that specifiesnet-
enabledtransitionsfrom a givenmarking.n[��� �L{ }�h�
3�2� , a function that specifiespriority-
enabledtransitionsfrom a givenmarking.

Thenet-enablingfunction, � M , is definedin theusualway
for standardPetrinets:if all precedingplaceshaveoccupy-
ing tokensthenatransitionis net-enabled.Similarly, wede-
fine themorestringentpriority-enablingfunction, ��� . For
a givenmarking, � , �a� 

�f� selectsonly thosenet-enabled
transitionsthathavethehighestpriority, i.e. ��� 
3�i�@ �	�,;#� M 
3�i�2��Z O 
3�i�8 �S�T�U�	-Z O3� 
3�i����,g�.# � M 
3�i�)��� . Now for
a givenpriority-enabledtransition, ,K# �a� 

�f� , the proba-
bility that it will be theonethatactuallyfiresaftera delay
sampledfrom its firing distribution, � O 

�$�-�5� , is:

/ 1c
3,q# � � 

�f� fires�@ � O 

�f�� O �3����� N��qQ � O3� 
3�i� (4)

Note that thechoiceof which priority-enabledtransitionis
fired in any givenmarkingis madeby a probabilisticselec-
tion basedon transitionweights,andis not a racecondition
basedon finding the minimum of samplesextractedfrom
firing-time distributions. This mechanismenablesthe un-
derlying reachabilitygraphof an SM-SPNto be mapped
directlyontoa semi-Markov chain.

2.3 ExpressingSPNsand GSPNsasSM-SPNs

The marking-dependenceof the weightsanddistributions
allows us to translateSPNsandGSPNsinto the SM-SPN
paradigmin astraightforwardmanner. An SPNcanbespec-
ified in the SM-SPNformalismin the following way. We
let � O representtheexponentialfiring rateof a transition,, ,
in the SPN.Then Z O 
3�i�� �� for all ,H��� ; � O 
3�i�� �� O
for all � ; � O 

�$�-���z �i:E �Ua¡7
g:8�£¢��5� where �£¢¤ � O3� ����¥ N¦�IQ � O3� , i.e.thesumof thefiring ratesof theenabled
transitions.

For GSPNs,the situation is very similar except that the
immediatetransitionshave priority over the timed transi-
tions. Thetranslationto SM-SPNnecessarilydistinguishes
betweentimedtransitions( ,2#X�w6 , having rate � O ) andim-
mediatetransitions( ,k#0��§ , having a probabilisticweight

¨ O ): Z O 

�f�@ 0� if ,I#©�£6 , � if ,I#f��§ ; � O 

�f�@ W� O if ,I#ª�w6 ,¨ O if ,I#f��§ ; � O 

�$�-���; Y�8:X �U�¡£
�:8� ¢ �5� if ,I#©�w6 , _[
3�a«s���
if ,k#e� § , where � ¢  ­¬�O ��� � N��qQ � O3� ��� � N��qQ � O3� , _!
3�a«-®��
is theHeavisidefunctionwith stepat time ® , and ¬�¯ is � if
condition ° is trueand � otherwise.This givesusa mean-
ingful combinedexponentialrate, � ¢ , if only exponential
transitionsarepriority enabled.

3 CSL

3.1 TechnicalSummary

In order to make detailedcomparisonswith CSL, and to
understandfully the enhancementswe introducein eCSL,
we first presenta detailedsummaryof thestandardCSL as
usedin [6, 7, 18, 17].

For our purposes,a semi-Markov CSL (similar to [17])
is defined directly over a semi-Markov state space,
p%.�shq�-_i�s±2� , where % is the setof states,h is the embed-
dedprobabilitytransitionmatrix, _ is thestateholdingtime
distribution matrix and ± is a statelabellingfunction. This
labelling function attachesmultiple labels to every state,
andallowsstatesto beidentifiedby a moremeaningfulan-
notationthantheir integerpositionin thetransitionmatrix.

A generalCSL formulais definedasfollows:² ³�´Cµ tt ® ²9¶i² ·L² ¸w¹ 
 ² � j ¹ 
3ºq� (5)

º ³�´Cµ � ² ²9»½¼X² (6)¸
representsa steady-statecondition and j representsa

passagetime conditionon a setof pathsdefinedby º . The
values

¹
and¼ representrangesof allowedprobabilitiesand

times,respectively1.

Thesemanticsof thelogic areexpressedby statingthepre-
ciseconditionsunderwhichasinglestate¾ satisfieseachof
the possibleclausesof a

²
-formula; asfor othertemporal

logicsthis is written ¾½?  ² .

The clause® is a label anda state ¾ satisfiesthat label if®W#�±¿
p¾À� . Thususingthe not andconjunctive clausesin
combinationwith labellingallowswholesetsof statesto be
definedwith a

²
-formula.Thesetof statesspecifiedin this

manneris written Á�T5Â�
 ² �L �	À¾G#f%9?À¾7?  ² � .
Thusthe steady-stateclausȩ

¹ 
 ² � definesa setof states% 6  �Á�T5Â�
 ² � andis trueif thesumof thelong termproba-
bilities of thestatesin % 6 lies in therange

¹
.

1In CSL, Ã and Ä areusuallyrepresentedwith ÅkÆ�Ç$È-É$Ê.ËqÌkÉ2ÅÆ�Í where Æ needsto be rational for modelcheckingto be decidable[4];
weuseanarbitrarysetherefor notationalsimplicity.



3.2 Formal CSL semantics

Theformal semanticsof CSLare:

¾7?  tt for all ¾¾7?  e® iff ®>#f±¿
p¾À�¾7?  ² 6 ¶i² § iff ¾½?  ² 6 ¶ ¾½?  ² §¾7?  ·L² iff ¾LÎ?  ²¾7?  ¸ ¹ 
 ² � iff Ï�Ð] # ¹ where Ñ*Ò 0Á�T5Â�
 ² �¾7?  Wj ¹ 

ºI� iff / 12

Ó<#f1'T�Â-Ô£
+¾À�;?�Ó�?  0ºq�I# ¹
(7)

where 1'T5Â-Ô£
+¾�� is the setof all pathsstartingfrom ¾ . The
quantity Ï Ð] is the long termprobabilityof beingin any of

thestatesin Ñ* .
Further, a path Ó satisfiesa pathformula, º , asfollows:

Ób?  e� ² iff Õ�Ó'������?  ²Ób?  ² 6 »½¼X² § iff ÕaÖi# ¼|×

ÓwØ2ÖÙ?  ² § ¶kÚ Ö���Û!Ö½�-ÓwØ2Ö���?  ² 6 �
(8)

where Ó'�P��� is a stateimmediatelysucceedingthestartstate
of Ó ; ÓwØ2, is thestatethat thesystemis in at time , on the
path Ó .

The � pathoperatoris often referredto as the next state
operator andis usedto extractanaggregateDTMC proba-
bility for selectinga givensetof successorstates,Á�T�ÂÀ
 ² � .
Finally, thetime-boundeduntil formula,

² 6 »½¼2² § , specifies
asetof pathsstartingin asinglestate¾ whichsatisfy

² 6 for
thedurationof thepathandterminatewhenthey satisfy

² § ,
andthis is furtherrestrictedto completethepassagein timeÖi# ¼ .

3.3 Opportunities for EnhancingCSL

Thereare threemain issuesregardingthe specificationof
performancemeasuresthatarisefrom thedefinitionof CSL:

1. Only a singlestartstatecanbespecifiedfor the time-
boundeduntil formula with the existing formulation
of CSL. Passagetime specificationsaremoreexpres-
sive when associatedwith many possiblestart states
(asshown in [8, 15]). This is usefulwhenaskingper-
formancequestionsof highlevel formalismswherethe
startandendconditionsfor a passagemaynot neces-
sarily specifya uniquestate.

2. Thereis no ability to expressperformanceconditions
basedon transientdistributions.

3. Althoughcompoundformulaeof steady-stateandpas-

sagetime constraints2 are, technically speaking,al-
lowed, the meaningof the derived formulaeis some-
whatobscure.

As an example of this last point, we considerj ¹wÜ 
 ¸ ¹£Ý 
 ² 6�� »½¼Þ² §�� which would define a passage
along a set paths that consistsof stateswhich satisfy¸ ¹£Ý 
 ² 6�� , andterminatesatisfying

² § . As long as Á�T5Â�
 ² 6��
hasa steady-statevaluein

¹ § (andthe underlyingprocess
is irreducible),thenall stateswill satisfy

¸w¹£Ý 
 ² 6 � , which
thereforerepresentsno constrainton the selectedpathsat
all. Alternatively, if Á�T�ÂÀ
 ² 6 � doesnot have a steady-state
valuein

¹ § , thenonly pathsof length � maybeselected.

Similarly abstrusewould be an
¸

formula which relied
on the possiblestart statesof a j formula, for example,¸ ¹ Ü 
3j ¹ Ý 
 ² 6 »½¼�² §���� : that is, calculatingthe long term
stateprobabilityoverthesetof possiblestartstatesof the j
portion.

It is herethatwe detecta slight conflict betweentheworld
of model-checking,which is concernedwith finding a state
or setof stateswhich satisfya temporalproperty, andthe
world of performancemodelling, wherethe setsof states
tend to be known entitiesand the unknown quantity is a
probabilityor timevalue.

4 eCSL

We now presentan extensionto CSL, calledeCSL,which
canexpressa greatervariety of performancerelatedques-
tions: for example,transientdistribution-basedproperties
andmultiplestartstatesfor bothpassageandtransientprop-
erties. Unlike standardCSL, which is applieddirectly to
a labelledMarkovian statespace,eCSLoperateson semi-
Markov stochasticPetri nets,which canexpressany semi-
Markov modelor Markovianmodelwith immediatetransi-
tions.

eCSL complementsCSL, insofar as CSL concentrates
on describing propertieswhich are formally decidable,
whereaseCSL focuseson providing performancequeries
of amorepragmaticnature.

For thereasonsgivenin Section3, we remove thepossibil-
ity of specifyingcompoundformulaein themannerof CSL.
This highlightsa pleasantabstractionwithin the new tem-
poral logic: we now have onelayer for specifyinga setof
statesandaseparatelayerfor specifyingperformancecrite-
ria.

2It is interestingto notethat the steady-stateclause,ß , wasnot origi-
nally partof theCSL syntaxaslaid down in Aziz et al [4] or in their later
paper[5], so in that formulationonly compoundpassagetime formulae
would have beenpermitted.



We alsosimplify thepathformulaeof theoriginalCSLand
insteadspecifypathsbyprovidinghigh-levelrulesthatyield
a setof startstates,a setof terminatingstatesanda setof
excludedstatesthoughwhich a pathcannotpass. Taking
into accountthe fact that CSL could not specify multiple
startstates,thisis equivalentlyexpressiveto thelogicaluntil
formula, which provides a single start state,a set of end
statesand a set of statesthat the passageis restrictedto.
In eCSL,setsof statesthemselvesarespecifiedin termsof
markingson thesemi-Markov stochasticPetrinet.

As we will see,thesesimplificationsmake for a formal-
ism which mapsmorepleasantlyonto both Petri netsand
the underlyingstochasticquantities. It also keepssimple
thepathformulaerequiredto specifycomplex performance
measures.

4.1 The Syntax of eCSL

We definethe syntaxof eCSLover SM-SPNs. An eCSL
statement,

²
, acting on an SM-SPN systemwith set of

markings,u , is definedby:² ³�´Cµ tt
²9¶i² ·L²

¸w¹ 

ºI� à ¼¹ 
3º2��ºq� j ¼¹ 

º��-ºI�
º ³�´Cµ tt Z½� Ri� º ¶ º · º (9)

Here we have deliberatelyseparatedout the statespecifi-
cation º -formulaefrom the performancespecification

²
-

formulae. This avoids the conceptualproblemsassociated
with the compoundperformancepropertiesthat arise in
CSL, while still being sufficiently expressive to allow for
multiple simultaneousperformancecriteria to bespecified.
We definethefunctionwhich operateson a º -formulaand
extractsthesetof all statesthatsatisfyit as Á�T5Â�

ºI�@ Y	��­#uá?��D?  Wº�� .
In the º specification,Râ#!ã5ä å and Z½� Ri� is satisfiedif the
numberof tokensonplaceZ in somestate� is in thesetof
allowednumbersof tokensR . As with CSL,

¹ #iãaæ ��ç 6Bè is a
setof allowedprobabilitiesandsimilarly ¼ #iã�æ ��ç éÙè is aset
of times.¸ ¹ 
3ºI� is trueif thesteady-stateprobabilityof beingin the
setof statesdefinedby º lies in theset

¹
.

à ¼¹ 

º 6 �-º § � is satisfiedby a setof startstatesif theproba-
bility of thesystembeingin statesÁ�T5Â�
3º 6 � at time , , while
not having passedthroughstatesÁ�T5Â�
3º § � , lies in

¹
for all

times ,I# ¼ (shown for anarbitrarytransientdistribution in
Fig. 1).

Finally, j ¼¹ 
3º@65��º'§�� is truefor asetof startstatesif theran-
domvariablerepresentingthepassagetime to targetstates

Fig. 1. An example of a transient constraintÑ�z?  �àGê�ëê�ì 
 ² � whic h is satisfied by a transient
distrib ution in the shaded area.

Á�T�ÂÀ
3º 6 � , while not having traversedstatesin Á�T5Â�

º § � , lies
in therangeof times ¼ with probability Zi# ¹ .

For ahigh-level modellingparadigm,webelievethatspeci-
fying rulesfor setsof excludedstatesis simplerthanhaving
to specifyexplicitly all thepermittedstatesfor a pathwith
state-by-statelogical formulae,asusedby standardCSLon
conventionallylabelledstatespaces.

4.2 Examplesof eCSLFormulae

As an exampleof how eCSL could be usedto poseper-
formancequestionsin practice,we considertheproblemof
finding thevalueof í thatsatisfiestheformula:

Á�T�ÂÀ
^Z 6 � î�ï�� ¶ Z�ð������5�ñ�J?  Wj æ ��ç 6g� Qòsósô 
PZ § ���Àõ�ïÀ�C�
Z�ö5�P���ñ� (10)

The questionbeing asked is: what is the probability that
a definedpassagetakes less than time ��� ? The passage
timequantityis definedby thesourcestatesZ�65� î�ïÀ� ¶ Z ð �P����� ,
by the targetstatesZ�§����Àõ�ïÀ� andtaking into accounttheex-
cludedstates,Z ö ����� . Theseexpressionsdefinesetsof states,
for instanceZ�6�� î�ï�� ¶ Z ð �P����� selectsall thePetrinetmarkings
which have35 tokensin Z 6 and10 tokensin ZVð .
If wewish to definemultipleperformancerequirementsfor
asinglesetof startstateson a systemthenwemight ask:

Á�T�ÂÀ
^Z�65� î�ïÀ� ¶ Z ð �������3�J?  ÷ j æ ��ç 6g� QN ��ø ù�ç 6Cè 
^Z�§����Àõ5ï��+�pZ ö �����3� ¶ j æ ��ç 6g�-� QN ��ø ùsú�ç 6Bè 
PZV§�� î�ã5�5�+�pZ ö � û5�3�gü
(11)

This expressesthe needto achieve a 90% quantile for a
passagetime within the first 10 time units of the passage



startinganda98%quantile,overadifferentpassage,within
100 time units. In this way, multiple quality of servicere-
quirementsmaybesuccinctlyexpressedandverifiedwith a
singleeCSLformula.

If distinct start statesare requiredfor eachperformance
measure,wecouldcomposethemasfollows:÷ ÁJT�Â�
PZ ð �P�����3�J?  dj æ ��ç 6B� QN ��ø ù�ç 6Bè 
PZV§����Àõ�ïÀ�C�
Z ö �P���ñ��ü ¶÷ Á�T�ÂÀ
^Z 6 � î�ïÀ�3�J?  0à æ ��ç 6g�-� QN ��ø §�ç 6Cè 
^Z § � î�ã5�5�+�pZVö5� û5�3� ü (12)

4.3 Formal StochasticSemanticsof eCSL

In this section,we formally definethesatisfiabilityformu-
laefor eCSLover SM-SPNs.Theseareexpressedin terms
of a marking, � , of an SM-SPNwhere �X
^Z�� is the num-
berof tokensat placeZ in themarking. We testindividual
markingsof the Petri net againstevery allowed combina-
tion of

²
and º -expressions.As before,theseareevaluated

in termsof individual satisfiabilityquestions,e.g. �ý?  �º@6 ,
whichposesthequestion:doesthesinglestate� satisfythe
formula º@6 ?
Formally, for thegeneralº -expression:

��?  tt for all ���?  |Z½� Ri� iff �<
PZ��q#fR��?  Wº@6 ¶ º'§ iff ��?  Wº@6 ¶ �D?  0º'§��?  · º iff �þÎ?  Wº (13)

Importantly, the
²

-formulae are satisfiedby vectors of
markingsor states.This is so that a configurationof mul-
tiple startstatescanbe definedandusedto specifycorre-
spondingmultiple performanceproperties.Thisovercomes
a restrictioninherentin CSL: specificallythat of only be-
ing ableto expressperformancepropertieswith singlestart
states.

Ñ��?  tt for all Ñ�Ñ��?  ² 6 ¶i² § iff Ñ��?  ² 6 ¶ Ñ�D?  ² §Ñ��?  ·L² iff Ñ�þÎ?  ²Ñ��?  ¸w¹ 

ºI� iff Ï Ð] # ¹ where Ñ*Ò eÁJT�Â�

ºI�Ñ��?  0à ¼¹ 

º@6��-º.§�� iff
Ú ,@# ¼ ��� Ðÿ Ð� Ð] 
3,��q# ¹ whereÑ*Ò eÁJT�Â�

º@6��H� Ñ�  0Á�T5Â�

º.§À�Ñ��?  dj ¼¹ 
3º 6 ��º § � iff / 1c

h Ðÿ Ð� Ð] # ¼ �I# ¹ whereÑ*Ò eÁJT�Â�

º 6 �H� Ñ�  0Á�T5Â�

º § �

(14)
Thesteady-stateoperatorÏ Ð] representsthelongtermprob-

ability of being in the setof states Ñ* (independentof any
startstate,if theunderlyingsystemis irreducible).

For thetransientoperator, à , we have a modifiedtransient
distribution function to take accountof theexcludedstates
in Ñ� :� ÐÿÐ \ Ð] 

,��L �

\ � Ð \�� \ / 1�
+FK
3,��q#$Ñ*�?HFG
p���' W()�
Ú , � Û�, × FK
3, � �ÙÎ# Ñ� �

(15)
The / 1�
��`� term inside the summationdescribesthe condi-
tional probability that the SMP is in a statein Ñ* at time ,
giventhatit startedfrom astate( andhasneverbeenthrough
any statein Ñ� . Thisprobabilityis finally deconditionedover
the setof all the possiblestartstatesin Ñ( . �

�
is taken to be

anormalisedsteady-statevector, but thereis noreasonwhy
it couldnot begeneralisedto anarbitraryinitial weighting
vector, specifiedby theuser(althoughthereis notcurrently
syntacticsupportfor this in eCSL).

Similarly for the passagetime operator, j , we can mod-
ify thepassagetime randomvariableto incorporatetheex-
cludedstatesvector Ñ� :h ÐÿÐ \ Ð]  �

\ � Ð \�� \	��

� 	�Ö����A��FK
3Ö��I#$Ñ*
?�FK

���L W()� Ú Ö � Û�Ö × FK
3Ö � �2Î# Ñ� � (16)

Calculating the modified passage time probability,/ 1c
ph Ðÿ Ð� Ð] # ¼ �G# ¹ , or transientprobability, � ÐÿÐ \ Ð] 

,�� , quanti-
ties involvesstraightforward modificationof the formulae
of the standardpassagetime andtransientformulaefor an
SMP[8]. All theexcludedstatesin anexclusionset, Ñ� , are
removed from the embeddedDTMC (

Ú (�#E%'� � # Ñ� letZV\ ÿ  0� andZ ÿ \½ W� ), while renormalisingtheprobabilities
asnecessary, so that

� ] Z�\`]i Þ� for all ( . The renormal-
ising of the DTMC, after removal of the excludedstates,
reflectstheconditionalnatureof Eq. (15)andEq.(16).

4.4 Practical eCSL Implementation

In practice,the transientformula à ¼¹ 
3º 6 ��º § � is approxi-
matedby theconstraintthatthediscretesamplesof thetran-
sientdistribution, asextractedfrom the numericalLaplace
transforminversionof � Ðÿ��Ð \ Ð] 
p¾À� , all lie within the specified
probability range,

¹
. The approximationarisesbecause

the function may have fluctuationsoutsidethis range,on
a timescaleshorterthanthe samplingfrequency. If neces-
sary the modellercan increasethe samplingfrequency on
thetransientfunctionasappropriate.

It is not envisaged,as would be expectedwith a tradi-
tional temporal logic, that the set of start statessatisfy-
ing an eCSL formula would be an unknown in an eCSL
equation,e.g. find the start states Ñ� that satisfy the for-
mula à N 6g��ç §-� QN ��ø � ç 6Bè 
^Z � � u���ãÀ�C�
Z ö � Ri�ñ� for someconstantsu and



Tab. 1. Comple xity of diff erent
²

-form ulae if
the star t-state set is kno wn.

eCSLclause Complexityº �A
pR��¸ ¹ 
3ºq� �A
pR §������ R$� to �A
pR����j ¼¹ 

º@6À��º'§À� �I
3º'§À�à ¼¹ 
3º 6 �-º § � ? Á�T�ÂÀ

à ¼¹ 

º 6 ��º § ����?�? ÁJT�Â�

º 6 ��?��I
3º § �
R . This is reasonableas the exclusionof compoundper-
formanceformulae,for otherreasons,meansthat themod-
eller is neverusingaperformancemeasureto defineasetof
statesto usein asecondperformancemeasure.So,although
certainlypossible,it isalsonotadvisableasthesearchspace
for an unknown subsetof start stateswith a given perfor-
mancepropertycouldbe �A
+ã M � in theworstcase.

Of more practicaluseto the performancemodeller is the
calculationof the time and probability constraints,

¹
and¼ , in the eCSLformulae,whenstartstatesandendstates

are defined. For this situation, we give somecomplex-
ity resultsin Tab. 1. �I
3ºq� is the complexity of calculat-

ing the Laplacetransformof h Ðÿ\ Ð] , a single start-statepas-

sagetime densitymeasure,where º is the formula defin-
ing the excludedstates,Ñ� . With the constantspacerepre-
sentationof transforms[8] anda densestatespace,using
SOR matrix inversionor similar, �I
3ºI� is �A
pR�� ��� , whereR��� �R :0? Á�T�ÂÀ
3ºq��? . Usingiterative semi-Markov passage
time calculationtechniques[8] andassuminga sparsestate
space,in practice� goesmorelike R�� §������ 

R��ñ� . By using
anappropriatenormalisedvector, �

�
, passage-timemeasures

with multiple initial statescanbesimultaneouslycalculated
atthesamecostasfor asinglestart-statepassage(from [8]).
Transientmeasuresin SMPsareexpensive to compute,as
thecomplexity is governedby theproductof thesizeof the
setsof targetandinitial statesin theformula,alongwith the
standardpassagetimedensitycalculationcost[22].

5 eCSLPerformancePropertiesin Action

5.1 The Voting Example

Fig. 2 shows thedistributedcomponentsof avoting system
with breakdownsandrepairswhich we will useto generate
asemi-Markov model.A votingagentqueuesto votein the
buffer; then,asapolling unit becomesfree,thepolling unit
canreceive the agent’s vote and the agentcanbe marked
ashaving voted. Thepolling unit contactsall thecurrently
operationalcentralvoting units to registervoteswith all of

them;thisisdonein orderto preventmultiplevotefraudand
to provide fault tolerancethroughredundancy. Thepolling
unit thenbecomesavailableto receiveanothervotingagent.

Fig. 2. A queueing model sho wing the distinct
distrib uted components of the voting system

Fig. 3. A semi-Mark ov stoc hastic Petri net of a
voting system with breakdo wns and repair s

The semi-Markov stochasticPetri net for this systemis
shown in Fig. 3. Voting agentsvoteasynchronously, mov-
ing from placeZ�6 to ZV§ asthey do so. A restrictednumber
of polling unitswhich receive their votestransit ,-6 to placeZ � . At ,g§ , thevoteis registeredwith asmany centralvoting
unitsasarecurrentlyoperationalin Z ð .
The systemis consideredto be in a failure modeif either
all thepolling unitshave failedandarein Z � or all thecen-
tral voting unitshave failedandarein Z ö . If eitherof these
completefailuresoccur, thenwith high priority a repair is
performedwhichresetsthefailedunitsto afully operational
state.If some,butnotall thepolling orvotingunitsfail, they
attemptself-recovery. Thesystemwill continueto function
aslong asat leastonepolling unit andonevoting unit re-
mainoperational.

This exampleis definedin full as a DNAmacaspecifica-



\transition{t5}{
\condition{p7 > MM-1}
\action{

next->p3 = p3 + MM;
next->p7 = p7 - MM;

}
\weight{1.0}
\priority{2}
\sojourntimeLT{ return

(0.8 * uniform(1.5,10,s)
+ 0.2 * erlang(0.001,5,s)); }

}

Fig. 4. Excerpt from specification of voting ex-
ample , sho wing definition of transition ,gð .

tion [19], anexcerptof which is shown in Fig. 4. This de-
finestransition,gð , sayingthatit:

n is enabledwhen place Z � hasgreaterthan u�u�:þ�
tokensin it.n removes u�u tokensfrom placeZ � andaddsu�u to-
kensto placeZ � , whenfired.n hasa weight � × � (usedto defineprobabilisticchoice
betweentransitionswhentwo or moreareenabled).n hasa priority of ã , which will enableit above other
transitionswhich would otherwisebe structurallyen-
abledbut havea lowerpriority.n is given a firing distribution which, with probability
0.8,is auniformdistributionor, with probability0.2,is
anErlangdistribution. TheLaplacetransform,! � 
+¾À� ,
for this firing-time distribution is of theform:

ZKy#"
$&% ')(+*-,/.10Ù

®��32��s¾À�54<
��w:�Z��£y76)*-8�9+$;:<.10Ù
>=£�-�'�s¾À�
where"
$ % ')(+*-,/.10b
p®��32À�)¾��L þ
@? tBADC :E? tBFGC �H�J
p¾�
I2�:b®a�-�
and 6)*-8�9+$;:<.10b
>=£�-�'�s¾À�@ þ
I=B��
I=J49¾��-� � .

In general, an arbitrary Laplace transform function
can be specified as a firing distribution using the
\sojourntimeLT{...} pragma.

5.2 Analysis

We analysethe voting system, which is natively semi-
Markov, usingeCSLformulae. GSPNsandSPNscanbe
queriedin exactly thesameway, oncethey have beencon-
vertedto SM-SPNsusingthetechniquesof Section2.3.

Tab. 2. Diff erent system configurations used
in the eCSL analysis

System # StatesKLK u�u R2R
A 18 6 3 2061
B 60 25 4 106,540
C 175 45 5 1,140,050
D 300 80 10 10,991,400

Sys.A.
² 6 : Á�T�ÂÀ
^Z 6 �P�NM�� ¶ Z � � O5� ¶ ZVð�� î5�ñ�J?  

à ò O ôòQP�ô 
PZ § � ïÀ� ¶ Z � � O5� ¶ ZVð�� î��C� ff � ¶b¸ òHR�ô 
^Z § � ïÀ� ¶ Z � � O�� ¶ZVð�� î5�ñ�-�

Find probability Z that the systemhasprocessedex-
actly5 votersaftera resetat time , , andcorresponding
steady-statevalue S . A graphof Z against , is pre-
sentedin Fig. 5; note how the transientdistribution
tendstowardsits correspondingsteadystatevalue.

Sys.B.
² § : Á�T�ÂÀ
^Z�65� O���� ¶ Z � � ã�ïÀ� ¶ Z ð � û5�3�J?  à N ð ��ç ú � QN ��ø �-��6 ð ç ��ø �-� � Q 
^ZV§�� î���� ¶ Z � � ã�ïÀ� ¶ Z ð � û5�C� ff �

Doesthe systemprocessexactly half its votersinside
thebounds,� �ï5� and ,� TM�î , within theprobability
range 

� × ���J�Àï��-� × ����õ�� ; seeFig. 6.

Sys.C.
² � : Á�T�ÂÀ
^Z�65� î�ïÀ� ¶ Z ð �P�����3�J?  dj N ��ç O èòQP�ô 
^ZV§����Àõ5ï��+�pZ ö �����3�

Find the probability Z that the last 35 votersarepro-
cessedwithin time , given that therewereno central
voting unit failures. The passagetime CDF is shown
in Fig. 7; we see,for example,that with probability
0.835,the last 35 votersareprocessedwithin 86 sec-
onds.

Sys.D.
² � : Á�T5Â�
PZ 6 � î������ ¶ Z � � M���� ¶ Z�ð��������3�J?  j N ��ç O èòGP�ô 
PZ § � î������C� ff �

Find theprobability Z thatall 300votersareprocessed
within time , . Thepassagetime distribution from this
10.9million stateSMPis shown in Fig. 8.

6 Conclusion

We have describedan extended ContinuousStochastic
Logic (eCSL)whichcanbeusedto askformalperformance
questionsof semi-Markov models(aswell asGSPNsand
SPNs). eCSL enhancesconventionalCSL by supporting
a wider rangeof performancequestions,suchas passage
timeswith multiplesourcestatesandtransientmeasures.

Wealsopresentedasemi-Markov Petrinetformalism(SM-
SPN) which we useto specify semi-Markov systemsi.e.



 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

 0.035

 0.04

 0  20  40  60  80  100

P
ro

ba
bi

lit
y,

 pU

Time, t

Fig. 5. Transient measure and stead y-state
measure

² 6 for system A: 2061 states

 0

 0.001

 0.002

 0.003

 0.004

 0.005

 0.006

 0.007

 0.008

 0  50  100  150  200  250  300

P
ro

ba
bi

lit
y,

 pU

Time, t

Fig. 6. Transient constraint
² § for system B:

106,540 states

0

0.2

0.4

0.6

0.8

1

0 20 40 60 80 100 120

C
um

ul
at

iv
e 

pr
ob

ab
ili

ty
, p

V

Time, t

Fig. 7. Passage time quantile
² � for system C:

1,140,050 states

oneswith morethanjust exponentialandimmediatetran-
sitions. eCSL was definedin terms of markingson an
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² � for system D:

10,991,400 states

SM-SPN,giving the modellera morepleasantabstraction
with which to expressperformancequestionsthanthe ac-
tual statespacewould provide.

Finally, weanalysedeCSL-derivedperformancequerieson
semi-Markov systemsof up to 10.9million states;this is a
considerableadvanceon the previousstateof the art for a
semi-Markov system.

As futurework, we would like to reducethecomplexity of
verifying the eCSL formulae. In particular, the transient
constraintis currentlycomputationallyintensiveandit may
bepossibleto performa transientdistribution checkin the
sameamountof time asrequiredfor a passagetime calcu-
lation. Also by looking at somemoregeneral �

�
initial dis-

tribution vectors,it may be possibleto derive satisfiability
setsfor generaleCSLexpressionsin polynomialtime.
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