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Abstract

We propose a new framework for representing logics, called LE™ and based on the Ed-
inburgh Logical Framework. The new framework allows us to give, apparently for the first
time, general definitions which capture how well a logic has been represented. These defin-
itions are possible since we are able to distinguish in a generic way that part of the LF™
entailment which corresponds to the underlying logic. This distinction does not seem to
be possible with other frameworks. Using our definitions, we show that, for example, nat-
ural deduction first-order logic can be well-represented in LF T, whereas linear and relevant
logics cannot. We also show that our syntactic definitions of representation have a simple
formulation as indexed isomorphisms, which both confirms that our approach is a natural
one and provides a link between type-theoretic and categorical approaches to frameworks.

1 Introduction

Much effort has been devoted to building systems for supporting the construction of formal
proofs in various logics: examples of such systems include HOL [Gor87], LEGO [LP92], Alf [ACN90]
and NuPrl [Con86]. Existing implementations for particular logics cannot easily be adapted to
other logics. It is therefore desirable to seek a framework for representing logics, which unifies
the structure common to a wide variety of logics. The aim of such a framework is to provide
insights into the important theoretical question of what a logic is, and to yield general rather
than logic-specific implementations of these logics.

Type theories have emerged as leading candidates for frameworks: examples include the
Edinburgh Logical Framework [HHP87] and Isabelle [Pau87]. When using type theories in this
way, the method of representation is necessarily informal, due to the variations in the styles of
presentations of the logics under consideration; in fact, some logics cannot be well-represented
because the meta-theory of the logic is incompatible with the meta-theory of the type theory.
It is therefore necessary to provide criteria which determine when a representation is correct.
We propose a new framework, called LF™ and based on the Edinburgh Logical Framework.
The new framework allows us to give, apparently for the first time, general definitions which
capture how well a logic has been represented. These definitions are possible since we are able
to distinguish, in a generic way, that part of the LF" entailment relation which corresponds to

*This paper is based on research from my thesis, called ‘Representing Logics in Type Theory’, published in
1992. A preliminary version appeared in ECS-LFCS-92-251; a shorter version appeared in the Fourth Interna-
tional Conference on Logic Programming and Automated Reasoning [Gar93].



the underlying logic. This distinction does not seem to be possible using other frameworks; in
section 2 we discuss this point for LF. Using our definitions, we show that, for example, natural
deduction first-order logic can be well-represented in LF", whereas linear and relevant logics
cannot. These syntactic definitions of representation have a simple formulation as indexed
isomorphisms, which both confirms that our approach is a natural one, and provides a link
between type-theoretic and categorical approaches to frameworks.

There are many possible definitions of ‘correct’ representation, which depend on the amount
of structure we wish to preserve. In this paper, we concentrate on two definitions of repres-
entation: adequate representation, which defines when the consequence relation of a logic has
been well-represented by the LF' entailment relation, and natural representation, which re-
quires in addition that derivations have been well-represented. Our adequacy definition bears
some relation to the notion of wuniform encoding in LF defined in [HST89], which essentially
involves tagging the LF signatures to indicate the types of interest. Using LF", we immediately
know the part of the entailment relation we require, and so this ‘extra-logical’ tagging is not
necessary. More reecently, Simpson has studied the semantic analysis of a related notion of
adequacy [Sim92] for the type theory underlying Isabelle [Pau87] and A-Prolog [MN86].
Summary We introduce the new framework LF" in section 2, and give examples to illustrate
representation in this framework. Section 3 contains the formal justification for LF. We give
an axiomatic account of a logic, which has just enough structure to present logics as indexed
categories. Using this account, we define the notions of adequate and natural representation.
We also give examples to illustrate these definitions and prove that certain logics cannot be
well-represented in LF". In section 4, we show that our syntactic definitions of representation
give rise to indexed isomorphisms.

2 The Logical Framework LF™

The framework LF" is based on the Edinburgh Logical Framework (LF) of Harper, Honsell and
Plotkin [HHP87]. Influenced by various AUTOMATH languages [Bru80] and by Martin-Lof’s
work on the foundations of intuitionistic logic [Mar85], LF constitutes an important advance
in the study of logical frameworks. It is not possible, however, to provide general definitions of
‘correct’ representation using LF. These definitions are possible using LF'.

A logic is specified in LF by a signature declaring a finite set of constants that gives the
syntax, judgements and inference rules of the logic; LF together with this signature forms
the representing type theory. Each signature is accompanied by an adequacy theorem, which
provides some confirmation that the consequence relation and proof structure have been well-
represented. However, these adequacy theorems only apply to particular logics. They cannot
be stated more generally for a wide class of logics. This is because information is lost during
representation owing to the fact that a LF signature does not provide enough information to
reconstruct the underlying logic. For example, a LF signature does not distinguish those types
corresponding to the syntactic classes and those corresponding to judgements. It also does not
distinguish the extra types which have no correspondence in the underlying logic, and which
are often required as part of the machinery of the representation. It is therefore not possible to



identify the part of the LF entailment relation which corresponds to the consequence relation of
the underlying logic without appealing to that particular logic. In LF', we take advantage of
the distinctions between types given by the universes of Pure Type Systems [Bar92] to provide
a framework where such an identification is possible.

The type theory of LF" is a variant of the LF type theory which allows for extra distinctions
between types. It has three universes, called Sort, Fxtra and Judge, in place of the single LF
universe Type. The intention is for the terms of the logic to be represented using Sort, the
judgements to be represented using Judge, and the universe Fxtra to contain the extra types
which have no immediate correspondence with the underlying logic. Using these distinctions,
we are indeed able to identify that part of the representing type theory which corresponds to the
underlying logic without reference to specific signatures, and so provide the general definitions
of correct representation we seek.

In this section, we present the type theory of LF" using an extension of the Pure Type System
presentation to allow for Sn-equality and signatures. The meta-theoretic results necessary to
make this extension rigorous can be found in [Geu92|. We give examples of representations in
LF* to show the techniques required. These examples are also used to illustrate our definitions
of adequate and natural representation given in section 3.

2.1 Pure Type Systems with gn-equality and signatures

The distinction between terms required by LF" exploits, and was partially inspired by, the
techniques of Beradi [Ber90] and Terlouw [Ter89] in extending Barendregt’s A-cube to Pure
Type Systems (PTSs) [Bar92]. The framework LF" is presented as a PTS with Sn-equality,
adapted to distinguish between signatures and contexts. This adaptation is necessary to give a
precise representation of LF', since the formation of signatures and contexts is different. This
difference is not surprising as signatures are used to specify logics, whereas one of the uses of
contexts is to represent assumptions. In [HHP87|, LF is presented as a type theory with S-
equality. The stronger Sn-equality allows for a smoother correspondence between the logic and
its representing type theory, since every well-typed term is convertible to a unique canonical
element, and also simplifies considerably the unification problem for LF [Pym92] and hence for
LF*. !

2.1 DEFINITION A specification of a PTSs, with signatures is a quadruple (U,V, A, R) where
e U/ is a set, called the set of universes;
e V C U is the set of variable universes;
e ACU XU is the set of axioms;

o RCV xU xU is the set of rules.

The set of preterms T of a PTSs, with signatures given by the specification (U,V, A, R)
is defined using countably infinite sets of variables Var and constants Const with the abstract

!The meta-theoretic results for Sn-equality were open problems when the LF paper was written.



syntax
Auz=ul|z|a|x:A.B|\x:A.B| AB,

where u is a universe, x € Var and a € Const. It is useful to divide the sets Var and Const
into disjoint infinite subsets Var’ and Const" for v € V and w € U. Arbitrary variables
and constants are denoted by z,y,z and a,b,c respectively. We let >3 and >g, denote the
reflexive and transitive closure of the standard one-step (- and fn-reductions on preterms,
and let =g and =g, denote the corresponding equalities. A precontezt I' is a finite, possibly
empty, sequence of the form (z;:A;,...,x,:A,) with x; € Var for all i € {1,...,n}. We write
dom (') = {xy,...,z,}. We also use the analogous notions of presignature ¥ and dom(X).

The simple method for declaring constants is based on the standard approach used, for
example, in the type theory defining LF [HHP87]. More motivation and different approaches
are discussed in [Gar92].

2.2 DEFINITION The PTS, with signatures specified by (U, V, A, R) is defined by the following
proof system:

AXIO0M (YFhu:v (u,v) € A

(YFs A u

SIGNATURE ———""———
< > l_Z,a:A a A

u€U,a € Const",a & dom(X)

(YFs A:u (YFe B:C
<>|_21G:ABIC

u€U,a € Const",a & dom(X)

kg A:
CONTEXT - jl_z ;: 1 veV,xe Var’,x & dom(T")

FI_EA:'U Fl_EBC
x:AFs B: C

veV,xe Var’,;z ¢ dom(T")

'y A:u I'x:AFs B:w
'y z:A.B :w

IT -RULE (u,v,w) € R

'y Iz:A.B :u Nx:AkFsy M : B
A -RULE ueu
T'bs Ax:AM :11z:A.B

'ty M :1Iz:A.B 'k N: A
't MN : B{N/z}

ApPpP

' A: B 'y C:
Conv = S B=4,Ciucld
Fl_EA:C




Given I' ks A : B, we say that X is a signature, that T' is a context and that A and B are terms.
We sometimes write ' A: B: Ctodenote 'y A: Band I' by, B : C, and write I’ I—% A:B
to emphasise that the entailment I' v A : B is valid in the PTS with specification {. Given
a specification ¢, the PTSg, with signature ¥, denoted by ({,X), is defined by restricting the
entailments of the PTSg, specified by ¢ such that the entailments of interest are of the form
T l—% A: B. A PTSg, with signatures is normalising if every well-typed term in it reduces to
a fn-normal form. A PTSg, with signatures specified by (U,V, A, R) is functional if A is a
partial function from U to U and R is a partial function from V x U to Y. (That is, if u : v and
u:w € A then v =w, and if (u,v,w) and (u,v,w') € R then w = w'.) Geuvers shows that the
standard type theoretic results hold for functional, normalising PTSs with gn-equality [Geu92],
which extend Salvesen’s results for LF with Bn-equality [Sal90F. It is trivial to adapt these
results to PTSs with signatures. The results required for this paper are stated below for an
arbitrary functional, normalising PTSg, with signatures.

2.3 LEMMA (Weakening) If I' -5, A : B and I' C A for context A, then A A: B.

2.4 LEMMA (Substitution) If ',z : A Ay B: Cand'Fy M : A, then T, A{M/x} b= B{M/x} :

2.5 LEMMA (Subject Reduction) If ', A : B and A >, A', then I' -, A" : B.

2.6 LEMMA (Church-Rosser for fn-equality) If I' - A : B and A >g, C and A >g, D, then
there exists a preterm E such that C g, E and D >, E.

Recall that the Church-Rosser property for S-equality holds for the set of preterms. The cor-
responding result for Sn-equality does not hold for the preterms.

2.7 LEMMA (Congruence for fn-equality) If 't A: C and I't5, B: C' and A =4, B, then
A g, D and B >g, D for some term D.

2.2 The Type Theory LF"

LF* uses three universes, called Sort, Extra and Judge, in place of the single LF universe Type,
which allows enough distinctions between LF' terms to make the definitions of adequate and
natural representation feasible.

2.8 DEFINITION The framework LF" is the PTSy, with signatures given by the specification
U, v, A,R), where

U= {Sort, Extra, Judge, Kind}

V = {Sort, Extra, Judge}

A= {Sort : Kind, Extra : Kind, Judge : Kind}

R = {(Sort,Kind, Kind), (Eztra, Kind, Kind)} U {(Judge, Judge, Extra)}
U{(s1, S2, Extra) : s1,s, € {Sort, Extra}}

2Salvesen has also shown that the Church-Rosser property holds for a wide class of PTSs [Sal91].
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An LFT term A is a kind if T’ I—IEJF+ A : Kind for some context I' and signature . Similarly,
a term A is a sort or judgement if it inhabits the appropriate universe with respect to some
context and signature. If I’ I—I§F " A: Extra then A is called an extra type. We call variable x

a sort variable if x € Varsm; similarly we define a judgement variable as a variable inhabiting

VarJudge'

The idea of splitting the universe Type of LF into three motivates the choice of i/, V and
A. Some justification of the set of rules R is required. An important point to note is that
the Il-abstraction of sorts, extra types and judgements all inhabit Fxtra. This is because
we view Il-abstraction as part of the machinery of the meta-theory, rather than as having a
direct correspondence in the object logic, since the aim is to capture a wide variety of logics.
In contrast, various predicative intuitionistic logics can be presented as type theories using the
propositions-as-types paradigm [CF58, Bru80, How80], by equating II-abstraction with universal
quantification.

Alternatives to this choice of rules are discussed in [Gar92]. For example, it seems reasonable
to assume that the syntax of a logic does not depend on the derivations of the logic; for this
reason we have omitted the rules (Judge, Sort, Extra) and (Judge, Extra, Extra). A natural
example of a logic where formulae depend on proofs is a first-order logic with a choice operator:
that is, given a proof p of Jz.¢(x) we obtain a term ¢ dependent on p such that ¢(¢) is true.
Such a logic would include a syntactic class of proofs, and judgements linking proofs with
formulae. Our assumption does not therefore restrict such a logic. Also, notice that we include
(Sort, Kind, Kind) and (Extra, Kind, Kind), but not (Judge, Kind, Kind). As the examples
below illustrate, the first two rules are used to form judgements. We do not include the rule
(Judge, Kind, Kind), since it would correspond in the logic to syntactic classes or judgements
depending on derivations.

2.3 Representation in LF™"

We sketch three examples of representations in LF": natural-deduction first-order logic [Pra65]
has a direct representation, higher-order logic [Chu40] has a representation which requires extra
constants to represent the syntax of the logic, and Hilbert-style S, [Che80] has a representation
which requires extra constants to represent the consequence relation. These examples are also
used to illustrate our definitions of adequate and natural representation in the next section.
Further examples can be found in [Gar92], or adapted from the examples in [AHMP92].

2.9 ExAMPLE We consider a fragment of natural-deduction first-order logic with arithmetic,
whose terms and formulae are given by abstract grammar

terms ¢t ==z |0|succ(t)| + (¢)(t)
formulae ¢ = (t=t)| ¢ D Y| Vr.9,

and we consider the rules:

(¢)
L 920 ¢ g BLRVE Y0 g
¢ D {0 V.o o{t/z}



where * denotes that z does not occur free in the assumptions. This fragment is enough to
illustrate the ideas behind the LF" representation of first-order logic.

The specification in LF" of the above fragment of first-order logic with the theory of arith-
metic, denoted by Xr,;, contains the constants

t: Sort
o : Fxtra,

whose inhabitants correspond to the well-formed arithmetic terms and formulae respectively.
In general, inhabitants of Sort should correspond to syntactic classes containing variables. Syn-
tactic classes which do not contain variables should be represented by inhabitants of Fxtra.
This distinction between the syntactic classes is required to give a precise link between the
consequence relation of the logic and the corresponding LF" entailment relation. For example,
the consequence relation of natural-deduction first-order logic does not contain formulae vari-
ables. This use of the universe Faxtra is, however, comparatively minor; more interesting uses
are illustrated by the higher-order logic and Hilbert-style S, examples given below. We also
declare the constant
true : o — Judge,

where LF" terms of the form true(¢) for ¢ : o correspond to the judgement that formulae are
true in first-order logic. In the corresponding LF representation of first-order logic, it is not
possible to distinguish those LF terms corresponding to judgements and those corresponding to
syntactic classes without appealing to the particular LF constants used, since all these terms
inhabit the universe Type.

The rest of the specification follows the techniques used to represent first-order logic in LF
and is given below; for a detailed account of the techniques involved, see [HHP87] or [Gar92].
The terms and formulae are represented using the constants

0 : L

succ : L—>t
+ : L—>1L—1
= : L—>L— 0
> : 0O—>0—0
Voo (t—=0) —o.

The rules given above are represented by the constants

oI I, ¢ro.(true(p) — true(yp)) — true(¢p D )
OFE g, ¢ro.true(D(9)(¢)) — true(p) — true(v)
vi o IFu — o.(Mziw.true(Fx)) — true(V(Az:.Fz))
VE : IIFu — ollt:w.true(¥(F)) — true(F't)

So, for example, the term D I(¢)(v))(Ap:true(¢).q) inhabits LF" judgement true(¢ D 1), for
¢ 0,1 :0and q: true(v), and corresponds to a proof that a formula with shape ¢ D 1’ is
true in the underlying logic.



2.10 ExaAMPLE The syntax of Church’s higher-order logic [Chu40] is based on simply-typed
A-calculus:

domains au=t]|ojla=«a
terms ¢ = 2 | (Az®t?) TP | (#2725 (V(E2T0))° | (t° D s°)°.

The domains, viewed as syntactic classes, cannot be represented directly in LF" as there are
infinitely many of them. In the signature specifying higher-order logic in LF", denoted by Xy,
we declare the constants

dom : Extra

L : dom

0 : dom

= : dom — dom — dom,

which provide an obvious link between the domains and the terms in dom. We associate with
each inhabitant of dom a LF' term, identified with the objects of that domain, given by the
constant

obj : dom — Sort.

For each « : dom, it is the term o0bj(a) which represents a domain of higher-order logic, rather
than « itself, since inhabitants of obj(«) correspond to the terms of the logic. Thus obj(«) is a
sort, and term « : dom is considered an extra term as the universes suggest. The inhabitants of
obj(a) are constructed in a similar fashion to the inhabitants of ¢ and o given in the previous
example. The full LF* specification of higher-order logic can be found in [Gar92].

The above example demonstrates the technique of using the Eztra universe to represent
extra constants. Notice that, in the representations of first-order and higher-order logic in
LF*, the term corresponding to the syntactic class of formulae is the extra term o in the first
representation, and sort obj(o) in the second. The former distinguishes between the first-order
terms and formulae, whereas the latter treats a formula as any other term expression. This
mirrors precisely the behaviour of formulae in first-order and higher-order logic.

2.11 ExampLE [Hilbert-style S;] The representation of Hilbert-style S, is an example where
extra constants are used to represent the consequence relation of the logic in LF". The formulae
are given by the abstract grammar:

¢:=X|¢D¢|0¢,

where X denotes a formula variable, and we consider the rules:

Al ¢D (2 9)

A2 (@D 20) = ((¢DY¥) = (9D90))
A3 O¢ D ¢

A4 O(¢ D) D (D¢ D Oy)



A5 O¢ D 00¢

P Y
(0
NEcC* i
O¢

where * indicates the side-condition that ¢ is a theorem.

The difficulty of representing Hilbert-style Sy in LF™ (or LF) lies with the Nec-rule. This rule
cannot be represented directly by the standard method of declaring a constant nec inhabiting
II¢p:0.true(¢) — true(O¢) since such a constant would force the inhabitation of true(0¢) in any
context entailing true(¢). The solution [Avr91] centres on a logic, denoted by L,ey,, with the
same syntax as S; and judgements of the form ¢ true and ¢ valid for a formula ¢, with the
intuition that ¢ valid in L., corresponds to ¢ being a theorem in Hilbert-style S;, and ¢ true
in Ly corresponds to ¢ being true in Hilbert-style S;.

Using Avron’s approach, Hilbert-style S, is represented in LF by first specifying L,e, in
LF and then, in the accompanying adequacy theorem, limiting the correspondence to those LF
terms representing truth judgements [AHMP92]. This example shows that in LF it is possible
for one signature to specify different logics, in this case Hilbert-style S, and L. Using
LF*, this phenomenon cannot occur if the consequence relations of both logics have been well-
represented. Thus, in particular, the specification of Hilbert-style S, in LF™" is different from
the specification of L,.,. The difference occurs in the universes which the terms corresponding
to ¢ true and ¢ valid inhabit. For the LF' representation of Hilbert-style S, we declare the
constants true : o — Judge and walid : 0o — FEztra, which indicate that the terms of the
form true(¢) correspond to the judgements of Hilbert-style S, whilst the terms of the form
valid(¢) are extra terms given by the representation. (In the signature specifying £, in LF*,
the constants true and wvalid both inhabit o — Judge.) The specification of Hilbert-style S,
denoted by X4, is given in figure 1; a detailed explanation can be found in [Gar92].

3 Adequate and Natural Representation

In this section, we provide a formal justification for defining the new framework LF". The
examples in section 2.3 illustrate how to identify in a general way that part of the LF" en-
tailment relation which corresponds to the underlying logic. This identification can be used to
provide general definitions of correct representation. The definitions vary depending on how
much structure of the logic one wishes to capture. We focus on the notion of an adequate repres-
entation, which states when the consequence relation of the logic has been well-represented, and
natural representation, which gives some measure that the proof structure has been preserved
during representation. An immediate result is that if the consequence relation has been well-
represented, then the meta-theory of the consequence relation and the LF entailment relation
must be compatible: an obvious requirement, which could not be proved using LF.



o : Sort

D S 0—0—0

a . 0—o0

true : o— Judge

valid : o — FExtra

C o I¢ro.valid(p) — true(d)

Al o g, :o0.valid(¢ D (Y D @))
A2 o e, ¢, 0:0.valid((¢ D (v D)) = ((p DY) — (6 D))

A3 : I¢:o.valid(O¢ D @)

A4 o g, ¢:0.valid(O(p D) D (Og D OY))

Ab o Igro.valid(Op D OO¢)

MPy, : ¢, :0.valid(p) — valid(¢p D ) — valid ()
Nec . Ilg:o.valid(¢) — valid(Og)

MPr : ¢, :0.true(¢) — true(p D ) — true(v)

Figure 1: The LF" specification of Hilbert-style S,, denoted by /04

3.1 Logical preliminaries

In order to analyse representations of logics in LF", we require some standard terminology
for the logics under consideration. This terminology is kept at an abstract level so that our
definitions of representation apply to a wide variety of logics presented with different syntactic
styles. For the purposes of this paper, logics consist of syntax, judgements and a consequence
relation. The syntax is based on a possibly infinite set of syntactic classes, with the subset S of
syntactic classes containing variables distinguished. The inhabitants of the syntactic classes are
called expressions, with those expressions inhabiting members of S called the term expressions.
The notions of free variables and simultaneous substitution must be defined at this abstract
level. First some notation is required. Let T° denote the set of term expressions and Var*
denote the set of variables inhabiting syntactic class ¢ € S. We write T' =, s T°. Let J
denote the set of judgements of the logic. We define a substitution function as a function

a:Uyeg Var® =T,
such that o is almost everywhere the identity and
1. x € Var® implies a(z) € T*.

Using this function «, we define the notion of simultaneous substitution of a in a term or

judgement by the functions
suby, : T — T and Sub, :J — J,

with the following properties:
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2. t € T° implies sub,(t) € T

3. € U.cq Vare implies sub,(z) = o(z);

4. sub;q = idr and Sub;q = id j;

5. sub, o subs = sub., and Sub, o Subg = Sub,, if y(x) = sub,(B(z)) for all x € | g Vars;
6. o = [ implies sub, = subg and Sub, = Subg.

Notice that property 1 follows from properties 2 and 3. Let t{s/z1,...s,/x,} (sometimes
denoted by t{5/Z}) for ¢t € T denote the term expression sub,(t), where a(z;) = s, for i €

{1,...,n} and a(y) =y for y & {x1,...,x,}. Similarly, we let j{s;/x1,...s,/x,}, or j{5/Z},
denote the judgement Sub,(j).
We also define the free variable functions

foiT = P(Uoes Var) and Fo:J — P(U,.q Var®)
satisfying the properties:
7. fo(z) = {a} for x € U g Var;
8. Jo(suba(t)) = Uyepio fo(a(a)) and Fo(Suby(7)) = Userogy fo(a(s)) ;

9. alpy = Bl implies sub,(t) = subs(t), and a|ry;) = B|rv(j) implies Sub, (j) = Subs(j),
where af4 for A C |J.cg Var® denotes the restriction of function o to domain A.

Notice that property 6 follows from property 9.

We focus on an abstract definition of consequence relation of a logic, with the intention
that it is formed using the proof system of the logic. Unlike the usual definition of consequence
relation (see for example [Avr91]), our definition depends on the free variables of the judgements
under consideration. This refinement of the consequence relation is necessary, since we aim to
link the consequence relation of a logic with its corresponding LF' entailment relation, and
variables must be declared explicitly in type theory.

3.1 DEFINITION The consequence relation of a logic is a ternary relation written in the form
I' bz J, where j is a judgement, I' is a multiset of judgements and {Z} is a set of distinct
variables of the logic with Fv(j) U Fo(T') C {Z}, and which satisfies

1. (reflexivity) j bz J if Fo(j) = {&};
2. (variable weakening) I' k7 j and y € {&} implies I' Fz 3 j:

3. (substitution) T' Iz 7 7 implies T'{ £/#} '_{i‘}ufv(E) j{t/7} , where if T is the multiset
{j1s.. . jm} then I'{t/7} denotes the multiset {5 {t/7},...,jm{t/7}}, and if {/7} de-
notes {t/41,...,tn/yn} then fu(t) denotes U, fv(t:);

4. (cut) 'z j and A, j bz k imply TU A iz k.

A consequence relation satisfying weakening is a consequence relation which also satisfies
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5. (weakening) I' bz j and Fo(k) C {&} imply I' U {k} Fz J.
A consequence relation satisfying contraction is a consequence relation which also satisfies
6. (contraction) I, j,j bz k implies I', j bz k.

This abstract notion of a logic gives us enough structure to present logics as strict indexed
categories (definition 4.4).

3.2 Type theoretic preliminaries: the n-long normal forms

Our analysis of representations of logics in LF' is given up to Bn-equivalence. In particular,
we concentrate on LF™ terms in Sn-long normal form with respect to the appropriate signature
and context, which are canonical elements for the equivalence classes under Sn-equality. The
intuition is that the terms in Sn-long normal form with respect to some signature and context
are fully applied. For example, in the LF' representation of first-order logic specified by g,
(example 2.9), we associate the formula Vx.(y = z) with the LF" term V(Az' : t.(= (v/)(2")))
in context y' : ¢, rather than the S-normal form V(= (y)). The constant =: ¢t — ¢ — o is
fully applied in the first term, but not in the second. Our characterisation of terms in (7-
long normal form depends on the notion of S-normal form of a term and the arity of the
universes, constants and variables with respect to the appropriate signature and context. This
characterisation corresponds to the definition of canonical normal form for LF [HHP87].

3.2 DEFINITION Let ¢ be an arbitrary functional, normalising PTSg, with signatures. A pre-
term A is in  SB-normal form if it contains no subterms of the form
(Ax @ A;.A3)B. Let A > B such that B is in f-normal form. Then B is the canonical
B-normal form of A.

3.3 DEFINITION Let T HXF'" A : B.
1. The arity of universe u in A with respect to (X;I") is 0.

2. The arity of free variable or constant @ in A with respect to (3;I") is the number of IIs
in the prefix of ', where @ : C is declared in ¥ or I', and ' is the canonical S-normal
form of C.

3. The arity of bound variable z in A with respect to (X;I") is the number of IIs in the
prefix of ¢, where C is the type accompanying the binding occurrence of z and C' is the
canonical S-normal form of C.

3.4 DEFINITION

1. Let T FXF" A : B. The term A is in Bn-long normal form with respect to (3;T) if it has
shape
)\.’I}l Al)\xn . Anﬂyl :Bl Hym . Bm@Mle

where n,m,k > 0, the term @ is a universe, constant or variable of arity k with respect
to (3;T), and
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(a) each A; fori e {1,...,n} is in fn-long normal form with respect to
(X0 Ay, a1 A y);
(b) each B; for j € {1,...,m} is in On-long normal form with respect to
(35T, Ay, 2t Ay, yii By, -y By,
(c) each M, for r € {1,...,k} is in On-long normal form with respect to
(X0, Ayy oy A,y By, oo Ymi Bi).

2. Let T I—I§F+ A:B. A term A’ is a Bn-long normal form of A with respect to (X;T) if
Ity A" : B, the term A’ is in Sn-long normal form with respect to (3;T") and A =5, A'.

3. Let I I—Igw A:B such that T'is (x;:A,,...,2,:A,). The context I' is in Sn-long normal
form with respect to X if each A; for i € {1,...,n} is in fn-long normal form with respect
to (Z, <.’E1:A17 N 7.’1,'i_1:A7;_1>).

The key property of gn-long normal forms is that they provide canonical terms for the
equivalence classes under fn-equality. The proof of this property is non-trivial, and can be
adapted from results in [DHW93] and [Gar93a].

3.5 THEOREM Let I' F¥'" A : B. The Bn-long normal form of A with respect to (3;T) exists

and is unique.

3.3 Adequate Representations

We now give the definition of adequate representation, which characterises when the consequence
relation of a logic has been well-represented in LF". Our definition provides a precise corres-
pondence between the consequence relation of the logic, and that part of the LF" entailment
relation given by the sorts and judgements. This correspondence identifies variables of the
represented logic with sort variables, preserves substitution, and gives a sound and complete
interpretation of the consequence relation in the entailment relation. The definition is given in
two parts. First, we define an encoding which gives the correspondence from the logic to the
type theory. We then define an adequate encoding, which gives the correspondence the other
way. These definitions are given using LF" terms in 37-long normal form.

First some notation is required. Recall that, for an arbitrary logic, we distinguish the set .S
of syntactic classes containing variables. The variables are partitioned by the syntactic classes
in S. For example, in higher-order logic we have variables 2 and 3° in the syntactic classes ¢ and
o respectively. The sort variables of LF", however, are not partitioned; the sorts they inhabit
are determined by the contexts in which they are declared. For example, in the representation
of higher-order logic in LF" given in example 2.10, we have the freedom to declare the contexts
2 : obj(1) and  : obj(o) for sort variable € Var®°"". We obtain a precise link between variables
of the logic and sort variables by introducing a countably infinite set of variables of the logic,
denoted by Var™ | which is not partitioned by the syntactic classes. We then write 2 to
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declare that 2 € Var™ inhabits syntactic class ¢, and let T(Z) and J(&) denote the sets of
term expressions and judgements with free variables in {Z}, where Z = (af*,...,x;") and the

z; are distinct variables in Var™ . Our slightly non-standard approach allows us the freedom

to declare a variable in any syntactic class in 9, just as we can declare a LF" sort variable to

inhabit any sort®.

3.6 DEFINITION Let Log be an arbitrary logic specified in LF" by ., . An encoding [-] of
Log in (LF", ¥;,,) consists of a function

[1°:8—T,
and families of functions
[12: (@) — T and [J2 : J(3) = T,
indexed by finite sequences of distinct variables & = (2f*,...,z5"), such that

1. ¢ € S implies () 5 Log [c]® : Sort, where [c]° is in Bn-long normal form with respect to
(Xog 5 ));

2. [#;]% = 2! for i € {1,...,n}, where we distinguish a bijection (Y : Var®? — Var®,

3. for each term expression ¢ from syntactic class ¢ and judgement j, both with free variables

contained in {f',...,x;"}, we have

Debyy, 05+ 5

Ff l_ELog [[j]]z{ : JUdge7

where Ty is (2 : [e1]®, ..., 2, : [en]®), and [t]% and [j]Z are in Bn-long normal form with

respect to (Xrog ;1'7);

4. the functions [_]% : T(¥) — T and [.]Z : J(Z) — J are compositional: that is, for term
expressions t € T(¢) and sq,...,s, € T(Z), and judgement j € J(¥),

(057730 = Wl {ls:1z /vt - - [salz /90
{3/ = Ulidlsdz /vis - [sndz /90

5. the interpretation is sound: that is, for sequence (j,...,Jjn) of judgements of the logic,
{G1s-- o dm} gy 3 tmplies T py s L]z - pon s Dilz Py, - Dl

where Tz is defined in part 3, the pi, ..., p,, are distinct variables in Var”"%¢ and _: [;]2
denotes the inhabitation of LF" term [j]Z.

3 An alternative approach is to work with equivalences up to renaming of variables. This approach is technically
more difficult, and so we choose not to use it.
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We shall sometimes omit the superscripts on [_]°, [.]% and [_]Z, when the domain is apparent.

Notice that the encoding definition depends on certain properties of the logics under consid-
eration. We assume the syntactic classes do not depend on variables. We also assume that the
term expressions and the judgements do not contain information regarding derivations. In the
above definition the soundness condition is only concerned with inhabitation of LF' terms, since
the standard consequence relation of the logic contains no information regarding the structure
of derivations. In our definition of natural representation (definition 3.12), the inhabitants of
LF* judgements correspond to derivations.

An adequate encoding provides an exact correspondence between the consequence relation
of a logic and part of the entailment relation of the relating type theory. In order to provide
the correspondence from the representing type theory to the underlying logic, we identify the
following sets of LF" terms:

sortd” = {A such that Tty A : Sort and A is in 8n-long normal form wrt. (X;T)};
texpl” = {M such that T s M : A : Sort, M is in An-long normal form wrt. (3;T')};
judgel” = {J such that T by J : Judge and J is in Bn-long normal form wrt. (X;T)}.

Given encoding [.] and using the sets of LF" terms distinguished above, we are now able to
be more precise with the ranges of the function [[°, and the functions [.]% and []J. Let I's
denote the contexts of sorts (24 : [c1]%,..., 2} : [c.]®). We write []% : T(%) — texpl” and
[Z: J(@) — judgegg to denote the functions extensionally equal to [ [ and []Z, but with
the more precise ranges. These are well-defined by condition 2 in definition 3.6. We also write
[.]: S — sortf 7>7 These functions play a central role in the definition of an adequate encoding,

which we now give.
3.7 DEFINITION An encoding [.] of Log in (LF", ¥,,) is adequate when
L []:8— sortf’; is a bijection;

2. for each finite sequence Z = (2f*,...,x.") of variables, the functions [.]z : T'(Z) — teangz

and []z: J(&) — judgegg are bijections;

3. the interpretation is complete; that is, for sequences & = (af*,...,z:") and (ji,...,Jm) of
variables and judgements of the logic respectively,

Fi’7p1 : [[jl]]i’w c oy Pm - [[]m]]i’ I_ELog - [[]]]f anhes {jh L 7]771} l_{:E‘} j7

Judge

where the p,...,p,, are distinct variables in Var and _ : [j]z denotes the inhabitation

of LF* term [j]z-

We say that the logic Log is adequately represented in LF'" by signature X1,, if there is an
adequate encoding of Log in (LF", 1, ).

The representations of first-order logic, higher-order logic and Hilbert-style S, sketched in
section 3.1 are all adequate. Ideally, the correspondence between a logic and its representation in
a framework should be immediately apparent, although it is not clear that this goal is compatible
with the aim of representing a wide variety of logics. With LF", the correspondence between a
well-represented logic and the representing type theory is usually obvious, although some work
must be done to show that the conditions stipulated in definitions 3.6 and 3.7 are satisfied.
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3.8 THEOREM The signature >, provides an adequate representation of first-order logic in
LF*.

Proof We give the encoding [] of first-order logic in (LF'", Xp,). The technical details
required to show that [.] is an adequate encoding are straightforward (see [Gar92] for details).
The function [_] : S — sortf y is:

[term] = ..

For each sequence ¥ = (m,...,z,) of variables of first-order logic (we omit the superscripts
as there is only one syntactic class containing variables), the function [J; : T(%) — teap{” is
defined inductively on the structure of ¢ € T(Z) as follows:

[z]: = 2, x e {&}
[0l = 0
[succ(t)]z = suce([t]z)
[t+sl: = +([t]=)([sl2)
where (L)' : Var™? — Var®*™ is a bijection and T'z is (&, : ¢,..., 2 1 ).
Similarly, for each sequence of variables ¥ = (i, ..., z,), the function [.]z : J(&) — judgegg

is given by [¢]z = true({(¢)z) for formula ¢, where ((_))z : F|(Z) — 0?2, with F(Z) denoting the
set of formulae with free variables in {Z}, is defined inductively as follows:

(t=shz = =[ts)([s]=)
{62vhz = D((Pha)((¥)z)
Vy-ghe = V' {Dhay

—_

O
The representations of higher-order logic and Hilbert-style S, sketched in section 2.3 are also
adequate. We state the result without proof; the details can be found in [Gar92].

3.9 THEOREM The signatures ¥z, and ;7.4 provide adequate representations of higher-order
logic and Hilbert-style S, respectively.

It is intuitively clear that, for a logic to be well-represented in a framework, the meta-theory
of the logic and the framework must be compatible. We are at last able to capture this intuition,
as the following theorem states.

3.10 THEOREM Logics which are adequately represented in LF" have consequence relations
which satisfy weakening and contraction.

Proof Let [.] be an adequate encoding of Log in (LF", £, ). We show that the cut property
holds for Log. The other properties in definition 3.1 hold in a similar fashion. Assume that the
relations {ji,. .., jm} F(s j and {j, ki,... .k} F{¥ k hold. Then we have

Ffapl : [[jl]]fa cesPm ¢ [[]m]]f l_ZLogﬂ- : [[]]]f and ;
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Ffaq : [[]]]faql : [[kll]fa <oy Qe [[kr]]f l_ZLogﬂJ : [[kl]fﬁ

where I'z is the context (] : [e1],..., 2}, : [¢.]), and without loss of generality we assume that
{p1y- o spm} N {aq1,---,q.-} = 0. Tt is a straightforward matter to show, using the substitution
lemma, that

La,pi: ila o pm Ul @ [Ri]as o6 2[R ]2 l_ELog m{n/q} : [k]z.

Since [.] is an adequate encoding, we have {j, ..., jm, k1,..., k-} I—{Lg k. Hence, Log satisfies
the cut property of definition 3.1. OAn immediate corollary is that there are no adequate LF"
representations of the standard consequence relations of linear [Gir87] and relevance [Dun84]
logics of the form ¢, ..., ¢, Fzy ¢, where the ¢, ..., ¢, ¢ are formulae and {Z} is a set of
variables denoting formulae. In recent work, Miller, Plotkin and Pym have been investigating a
type theory for representing logics [MPP92], which incorporates ideas from linear logic to adapt
the standard notion of context so that these consequence relations can be well-represented.

3.4 Natural Representations

Our definition of natural representation extends the notion of adequate representation to re-
quire, in addition, a correspondence between derivations in the logic and LF" terms inhabiting
judgements. This extension gives some indication that the proof system of a logic can be mim-
icked by its representation in LF", and provides a full generalisation to arbitrary logics of the
adequacy theorems accompanying the LF representations in [HHP87] for particular logics.

Following [HHP87], our definition of natural representation focuses on the notion of a con-
sequence relation of proofs. This notion is defined by extending the syntax of the logic to
incorporate a set of proof expressions, which includes an infinite set of proof variables. The
definitions of simultaneous substitution and free variables for proof expressions can be given
in a similar fashion to the definitions in section 3.1 for term expressions and judgements. The
consequence relation of proofs identifies the valid proof expressions, with the intuition that valid
proof expressions correspond to derivations in the logic. In order to define natural represent-
ations, it is enough for us to give an abstract characterisation of the consequence relation of
proofs. Our intention is for the consequence relation of proofs to be constructed by adapting
the proof system of the logic to identify those proof expressions that are valid. For example, as-
sociated with the D E-rule of first-order logic are proof expressions of the form DE(¢)(¢)(p)(q),
such that DE(¢)(¥)(p)(q) is valid whenever p denotes a valid proof expression for ¢ D 1, and
q denotes a valid proof expression for ¢.

A consequence relation of proofs is a ternary relation written in the form I' bz, 7 : j, where
I is a set of proof assumptions of the form {pi:ji,...,Pm:jm} for m > 0 such that the p; are
distinct proof variables, the ji,...,j, and j are judgements whose free variables are contained
in the distinct set of variables {Z}, and 7 is a proof expression with free variables in {Z} and free
proof variables in {pi,...,p,}. We say that such a proof expression 7 is valid for judgement j
under I'. The consequence relation of proofs must satisfy:

L. (veflexivity) p:j bz p:jif Fo(j) C{Z};
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2. (variable weakening) I' bz p : j and y & {Z} imply I' Fzy p 1 J;

3. (substitution of term expressions) T -z 5 p : j implies T'{¢ /#} Faofod) p{t/7} : j{t )7},
where T{#/7} is {p1 : j1{t/T}, .., Pm : Jm{it/F}}, and fo(t) = U, fo(t;) if {£/7} denotes
{tl/yla v 7tn/yn}a

4. (substitution of proof expressions) I' bz 7 : j and AU {p : j} bz o : k imply (with
appropriate renaming to avoid conflicting proof variables) I' U A bz o{7/p} : k.

A consequence relation of proofs which satisfies weakening is a consequence relation of proofs
which also satisfies

5. (weakening) I' (4 p 1 j and Fu(k) C {Z'} and g & dom(T") implies ' U {q : k} bz p : 5.

A consequence relation of proofs which satisfies contraction is a consequence relation of proofs
which also satisfies

6. (contraction) I'U{p: : j,pa : j} bz 7o k implies DU {q : j} iz 7{q/p1,q/p2} 1 jif g &
dom(T") .

Just as in the definition of adequate encoding, we first define the notion of strong encoding,
which extends the definition of encoding (definition 3.6), and then define when a strong encoding
is natural. First, we fix some notation. Let Var’™ denote the countably infinite set of proof
variables of the logic, and let P(Z,T") denote the set of proof expressions with free variables in
the sequence of variables Z, and free proof variables in the sequence of proof assumptions I'.

3.11 DEFINITION Let Log be a logic specified in LF" by X1, . A strong encoding [_] of Log in
(LF", X1, ) consists of an encoding [], together with a family of functions [[_]]S;A : P(Z,A) —

Cn
n

T, indexed by finite sequences of distinct variables Z = (2f',...,z5") and proof assumptions

A= {(pi:ji,---,Pm:Jm), and such that:
1. [[p]]if; A = h(p), where we distinguish a bijection h : Var! ™% — Var/udse,

2. the [[_]]f; A are compositional; that is, for proof expressions © € P(¢,©) and
Ol y0m € P(Z,A), and term expressions t,...,t, € T(Z), we have

[7{t /5,3 /P} A
= [rlgelltde/vrs - [tale/vns [o1]za/BB1)s - - [om]za/B(Pn)}
3. the interpretation is sound: that is, for A = {pi:j1,. .., Pmdm},
o o + .
A Log . j implies I'z, "' F%iog [[W]]QI;A 4]z

where the context Ty is (a]:[ci],...,2) : [c.]), and the precontext Tn is
(h(p1) : [irdas - Ppm) = Dim]2);
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Again, we sometimes omit the superscript on [[_]]f; A when the domain is apparent.
Before we give the definition of natural representation, we require some notation. The
definition uses the set of LF" terms

]m’oofg77 = {p such that I' - p: J : Judge and p is in Bn-long normal form wrt. (X;T")}.

For sequences of variables & and proof assumptions A, let V P(Z, A) denote the subset of P(Z, A)
consisting of valid proof expressions. In (LF*, X Log ), the valid proof expressions correspond to
inhabitants of judgements; the proof expressions as a whole are not represented. We therefore
restrict [-];, to the valid proof expressions, and define the function [, : VP(Z,A) —
proof?ZIA as the function extensionally equal to ], but restricted to the domain V P(Z, A)
and given with the more precise range.

3.12 DEFINITION A strong encoding [L]] of Log in (LF*, X1, ) is natural if
1. the encoding [.] of Log in (LF", £1,,) is an adequate encoding;

2. for finite sequences of variables  and proof assumptions A, the function [ [za : VP(Z,A) —

proofgz r, is a bijection;

3. the interpretation is complete: for finite sequences of variables = (1{*, ..., z;") and proof
assumptions A = (p;:j1, ..., Pmijm), We have

'z, Ta l_ELog [plza : [7]z implies A l—{L;ff p:j.

We say that the logic is naturally represented in LF' if there is a natural encoding of Log in
(LF*, S1og)-

The adequate representations of first-order logic and higher-order logic sketched in sec-
tion 2.3 are also natural. To prove this, one must define a language of proof expressions for the
logics and provide proof systems for deriving valid proof expressions, with the property that
the valid proof expressions correspond to derivations in the logics. We state the theorem; the
details can be found in [Gar92].

3.13 THEOREM The signatures ¥r, and Yz, sketched in section 2.3 provide natural repres-
entations of first-order logic and higher-order logic respectively in LF*.

3.14 ExaMPLE In [Gar92], we show that the LF" representation of Hilbert-style S, discussed
in example 2.11 is adequate, but not natural. The intuition behind this (without resorting to
the technical detail of proof expressions) is that the number of constants in 3,4 which specify
the proof system of Hilbert-style S, is more than the number of rules in the proof system. By
the compositional property of definition 3.11, this means that the functions from valid proof
expressions to inhabitants in Sn-long normal form of judgements cannot be bijections.

Just as in the case of adequate representations, the meta-theory associated with proofs in a
logic represented naturally in LET must be compatible with the meta-theory for the framework.
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3.15 THEOREM Logics whose LF' representations are natural must have consequence relations
of proofs which satisfy weakening and contraction.

Proof The proof follows in a similar fashion to that of theorem 3.10. a

3.16 ExaMPLE Natural-deduction S; [Pra65] does not have a natural representation in LF"
since, although its consequence relation satisfies weakening and contraction, its derivations do
not define a consequence relation of proofs. The problem occurs with the Nec-rule

= all the assumptions must be boxed

which results in derivations that cannot be composed. This is illustrated (without resorting to
the technical detail of proof expressions) using the derivations:

O
% Nee
m[mp)
o
¢ ¢ ¢ MP
O¢
Substituting the second derivation for the premise of the first, we obtain
o0
W Nee
¢ ?
m[mp)

which is not a derivation since the last line is not an instance of the Nec-rule.

Remark  Our approach for studying naturality is based on that found in [HHP87]. An
alternative approach is to investigate a consequence relation of sequents of the form

seqy, - - ., seq, - seq,

where seq; for i € {1,...,n} and seq have the form j,...,j, =z j for judgements j,...,j,, 7,

which may contain schematic variables. Similar consequence relations have also been studied by
Aczel [Acz92]. The advantage of this approach is that it captures the notion of the existence of
a derivation without adapting the logic to incorporate proof expressions. The characterisation
of this consequence relation in LF' is left for future research.

4 Adequate and natural representations give rise to indexed
isomorphisms

We have argued that the syntactic definition of adequate representation defines when the con-
sequence relation of a logic has been well-represented in the representing type theory. Our
arguments are reinforced in this section by showing that our syntactic definition has a direct
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categorical formulation as an indexed isomorphism. It is known that the mathematical structure
common to the logics under consideration can be captured by the structure of strict indexed
categories [PS78] (or split fibrations [Ben85]), whose base categories are given by term expres-
sions and whose fibres are given by consequence relations. By utilising the fact that we are
able to identify in a general way that part of the LF" entailment relation which corresponds
to the underlying logic, we define indexed categories for the representing type theories, whose
base categories are defined using sorts, and whose fibres are defined using LF" judgements. En-
codings then give rise to indexed functors, such that adequate encodings correspond to indexed
isomorphisms. This result both confirms that our approach is a natural one, and provides a
link between type-theoretic and categorical approaches to frameworks. The analogous result
for natural representations follows in a similar fashion: see [Gar92].

4.1 Logics and their representing type theories as indexed categories

In this section we provide the methodology for presenting logics and their representing type
theories as (strict) indexed categories. For our purposes, we choose to concentrate on indexed
categories rather than fibrations, since it is more natural to present a logic by considering first
the syntax, which provides the indexing, and then the consequence relation. First, we require
some definitions regarding indexed categories. A clear exposition of fibrations and indexed
categories can be found, for example, in [BW90].

4.1 DEFINITION Let C be a category. A strict indexed category is a functor F : C* — Cat
where Cat is the category of small categories. The category C' is the base category and, for
¢ € 0bj(C), the fibre over c is the category F'(c).

All the indexed categories discussed in this section are strict, so whenever we refer to an indexed
category we assume it is strict.

4.2 DEFINITION Let F : A’ — Cat and G : B> — Cat be indexed categories. An indezed
functor from F to G is a pair (0pese, o) consisting of a functor opese : A — B (called the base
functor) and a natural transformation o : F — G ogjl .

4.3 DEFINITION An indexed isomorphism is an indexed functor, whose base functor is an iso-

morphism, and whose natural transformation is a natural isomorphism.

Our presentation of logics as indexed categories is based on the categorical presentation of
various particular logics, initiated by Lawvere [Law70] but generalised to a wide class of logics.
It concentrates on the abstract view of logics as consequence relations given in section 3.1.

4.4 DEFINITION Let Log denote an arbitrary logic, whose consequence relation satisfies weak-

ening and contraction. The indezed category given by Log is denoted by L : A — Cat and

defined as follows. The base category A is given by:

objects: finite sequences of the form (af*,... z:"), where the z; are distinct variables in
Var™®? .
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morphisms:  finite tuples of term expressions (1, ...,t,) : £ = ¢ = (y;*, ..., y.") such that, for
eachi € {1,...,n}, the t; and y; inhabit the same syntactic class and fo(t;) C {Z};

composition: if (t;,...,t,) : Z = §= (Y1,...,Yn) and (S1,...,Sn) : § — Z then (s1,...,8,) 0
(t1,...,tn) is (s {t/F}, ..., sm{t/F}) : T = Z;
identity: (T1yeey@p) = T = (2. 20).

For each Z = (a*,...,z.") in obj(A), the fibre £(Z) is given by:

objects: finite sequences of judgements with free variables in {Z'};
morphisms:  (ji,...,4m)— (k1,...,k,) whenever {ji,...,Jm} l—f;f k; for i € {1,...,p}.

For morphism (t1,...,t,) : ¥ = & = (27", ..., 2z.") in A, the functor L((¢1,...,t,)" : & — ¢) =
()" : L(Z) — L(¥) is defined as follows:

(U ordd) = Yl EEY ) )

) ((Grsesdm) = (R b)) = G/ T} g {/2)) = (/T R {E/2)).

(
(

R

This definition is shown to be valid using the properties of simultaneous substitution and the
consequence relation given in section 3.1.

We do not use the standard categorical approach for presenting type theories. Our present-
ation is motivated by the use of the type theory as a framework for representing logics, and
utilises the fact that we are able to determine in a general way that part of the type theory
which corresponds to the underlying logic.

4.5 DEFINITION Let (LF", X1,,) be the type theory representing a logic. The indezed category
given by (LF ™, X1, ) and denoted by € : B — Cat is defined as follows. The base category
is given by:

objects: contexts of sorts in #7n-long normal form;

morphisms:  finite tuples of LF" terms (ti,...,t,) : I's — Ag = (z1:A;,...,1,:4,), such
that T'g l_ZLog ti: A{ty, ... tioi /e, o iy} for i € {1,...,n}, and each t; is
in Bn-long normal form with respect to (X104 ;1's);

composition: for morphisms (t1,...,t,) : I's = Ag = (z1:A44,...,2,:4,) and (s1,...,8,) :
Ag — Og, their composite (sy,...,5,) 0 (t,...,t.) is (s {t/Z}, ... su{t/T}) :
FS — @S;

identity: (T1,...,x,) : Ag = Ag = (21341, ..., 2,0 A,).

For each I's € 0bj(B), the fibre £(I's) is the preorder category given by:

objects: finite sequences of judgements (.1, ..., J,,) with J; € judge?’; fori e {1,...,m};
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morphisms:  (Jy,...,J,) — (Ki,...,K,) whenever I's,pi:J1,...,pm:Jm |_2Log - K; for
j€A{l,...,r}, where _: K; denotes the inhabitation of judgement K;.

For each morphism (¢,,...,t,) : Ag — I's = (z1:A4,...,2,:A,) in B, the functor £ : ((t;,...,t,)" :
s — Ag) = (1) : £(T'g) — E(Ag) is given by:

) (oo Td) = TATT o T )5 ) ) )
) (1, dm) = (I, K)) = ({2}, It/ 2)) = (KG{ t/Z}, ..., K.{t/Z})

The fact that this definition is valid follows from the meta-theoretic results of LF".

4.2 Adequate representations give indexed isomorphisms

We are now in a position to show the main result of this section, namely that the syntactic
definition of encodings gives rise to indexed functors, with the property that the encodings are
adequate if and only if the functors are isomorphisms.

4.6 DEFINITION Assume that Log is an arbitrary logic, whose consequence relation satisfies
weakening and contraction. Let [] be an encoding of Log in (LF", X1, ), and let the indexed
categories determined by Log and (LF", X;,,) be £ : A — Cat and & : B — Cat respect-
ively. The indexed functor determined by [.] and denoted by (epse,€) : £ — & consists of the
base functor epqs. : A — B and natural transformation e : £ — £ o €44, Where

6base(<xila"' axfzn>) = <x/1 : [[01]]"" ’x;z : [[Un]]>§
ebase((tla ce atn) 1T = @7) = ([[tl]]fa ceey [[tn]]i‘) : ebase(f) — ebase(g)a

and, for each Z € obj(A),

ez((Jrs- s dn)) = <[[]1]]f’ R [[]n]]f>7
65(<j1, - ,]n> — <k‘1, ey k‘m>) = <[[j1]]5, cey [[jn]]5>*><[[k1]]f, cey Hkm]]f>

The indexed functor determined by encoding [.] is well-defined by the properties of the encoding.
Not all indexed functors give rise to encodings. For example, there is no guarantee that
an indexed functor preserves the ordering or length of tuples. We believe that a more detailed
analysis of the structure of these indexed categories (in particular, the categorical interpretation
of sequences and contexts) will yield a two-way correspondence. This analysis is beyond the
scope of this paper. We are, however, able to deduce that the indexed functor determined by
an encoding is an indexed isomorphism if and only if the encoding is adequate. This strong
correspondence is feasible since we are dealing with a particular indexed functor given by the
encoding, which preserves the ordering and length of tuples as the following lemma states.

4.7 LEMMA Assume that Log is an arbitrary logic, whose consequence relation satisfies weak-
ening and contraction. Let [.] be an encoding of Log in (LF", ¥,,) such that the indexed
categories determined by Log and (LF", X1,,) are £ : A” — Cat and € : B — Cat respect-
ively. Let the indexed functor (epgse,€) : L — & determined by the encoding be an indexed
isomorphism with inverse (fpgse, f) : € — L.
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1. Given

fbase((g t,u ) fbase(FS) — fbase(AS)
fbase((ﬁ t, W /) fbase(rs) — fbase(A/ )

where (5,t,%) and (,t,1) denote two arbitrary morphisms in B containing LF" term ¢,

)ZFS %As) = (g/,t
)Ty = AL) = (71",

we have

(a) the lengths of I's and fpese(I's), and of Ag and fpese(Ag) are the same;
(b) the lengths of § and §', and of @ and @’ are the same;
(c) t' =t".

2. For each I's € 0bj(B), given

);

—

fro (1K, L)) = (J, K", L'
(M',K",N'),

st(<M7K7N>)

where <J_: K, E} and (M,K, ]\7> denote two arbitrary objects of £(I's) containing K €
judgegz, we have:

(a) the lengths of J and J', and of L and L’ are the same;
(b) K'=K".

Proof (Sketch) By the definition of (eyse,e) we know that the functor ey, and, for all & €
obj(A), the functors ez preserve the order and length of sequences and tuples. This yields
parts la, 1b and 2a. Parts 1c and 2b follow from that fact that (fgse, f) is inverse to (€pase, €)-
O

We are now in a position to show the main result of this section, namely that adequate

encodings correspond to indexed isomorphisms.

4.8 THEOREM Assume that Log is an arbitrary logic, whose consequence relation satisfies weak-
ening and contraction. Let [.] be an encoding of Log in (LF", X1, ), and let (epgse,€) : L — &
be the indexed functor determined by [.], where £ : A7 — Cat and € : B’ — Cat. Then [.]
is adequate if and only if (epgse,€) is an indexed isomorphism.

Proof (Sketch) First, assume that [] is an adequate encoding. Let f : Va*™ — Var™®

denote the inverse of (LY : Var™ — Var®™, and consider the function [] : sortf y — S, and
functions [Jr, : tezpl! — T(Zry) and [r, : judgef! — J(Zr,), for each context of sorts I's in
Bn-long normal form, which are inverse to [.]°, and to [ gps and [- ]]rrs respectively, where if 'y
is (z1:Ay, ..., z,:A,) then Zr, is the sequence (f(zy)¥, ..., f(z,)"). We use these functions
to define an indexed functor (fyse, f) : € — L which is the inverse indexed functor of (epgse, €).

The base functor fy,s. is given as follows:

fbase(<x1:A1a s axn:An>) = <f(x1)[A1]a s af(xn)[An]]>>
fbase((tly e 7tm) : FS — AS) - (I[tl]F57 e 7|[tm]|Fs) : fbase(FS) — fbase(AS)a
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and, for each context of sorts I's in Sn-long normal form, the natural transformation f : £ —
L o fpase is defined, for each I's € obj(B), by

frs((rseoo s ) = ([Dilrss -5 mlrs)s
st(<J1a"'aJm> - <K1a"' aKp>) = <[J1]|FS""’[J7TL]FS> - <|[K1]Fsa"' ’I[KP]IFS>'

That (fpese, f) provides an indexed functor from & to £ follows from the conditions satisfied
by [, [Hrs and [Jr, for I's € 0bj(B). The proof that the indexed functor (figse, f) is inverse
to (€pase,€) is technical, but not difficult, and uses the fact that, for each Z € o0bj(A), the
functions [], [Jr, and []r, are inverse to [.]°, [.]% and [.]Z respectively. The details can be
found in [Gar92].

Now assume that (epgse,€) is an indexed isomorphism. We show that encoding [.] is ad-
equate. Let (fpase, f) : € — L be the inverse indexed functor of (epgse, €). Define [] : SOT’t?? — S
and, for each T's € obj(B), the functions [Jr, : texpf” — T and []r, :judge?’; — J as follows:

1. [A] = ¢ for each A € sortf?, where fyose((z 1 A)) = (y°);

2. [tlrs =t foreacht € sort?Z, where fyase((T1,. .. Tp,t) :Ts = Toyx: A) = (Y1, s Yy t') ¢
fbase(FS) — fbase(F37x : A),

3. [ilrs = J for each j € judgel, where fr.((7)) = (7).

It is technical, but not difficult, to show that the functions [], [}, and []rs, for each I's €
obj(B), are well-defined and are inverse to the functions [ [, [[_]]grs and [[_]]Z{FS respectively,
where if I's is (z1:A4;4,...,2,:4,,), then Zr, is <f(x1)[‘41]‘,...,f(xn)[[A"ﬂ>. This result, plus the
completeness condition in definition 3.7, are proved using lemma 4.7. Again, the details can be
found in [Gar92]. O
The analogous result to theorem 4.8 for natural representations, see [Gar92], follows in a similar
fashion by adapting the indexed categories determined by the logic and its representing type
theory to give an explicit account of the derivations of the logic and the terms inhabiting LF"
judgements, and then showing that natural representations give rise to indexed isomorphisms.

5 Concluding Remarks

We have advocated the need for general definitions to describe how well a logic has been rep-
resented in a logical framework. Based on ideas from [HHP87|, the new framework LF" is
introduced in order to provide such definitions. Two definitions are given: adequate repres-
entation, which defines when the consequence relation of a logic has been well-represented in
the LF™T entailment relation, and natural representation, which provides some measure that the
derivations of the logic have been well-represented. Our arguments are reinforced by showing
that these syntactic definitions have a simple formulation as indexed isomorphisms.

Other definitions of ‘correct’ representation should be explored. For example, our approach
for studying naturality is based on that found in [HHP87]|. An alternative approach is to in-
vestigate the representation of a consequence relation of sequents, which may contain schematic
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variables. Similar consequence relations have also been studied by Aczel [Acz92]. One advant-
age of this consequence relation is that it captures the notion of the existence of derivations
without adapting the logic. This approach should also lead to weaker notions of naturality.
The investigation of this consequence relation and its representation in LF" is left for future
research.

Acknowledgements My thanks go to Gordon Plotkin and John Power for many helpful dis-
cussions.
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