Algorithms for Optimal Decisions
Tutorial 8
Answers

Exercise 1 Solve the following problem using the interior point method:

min - f(z) = 2
st.gi(x) = x9—sin(xy) — % >0 (1)
x1, 29 > 0.

Solution : The sequence of unconstrained problems, using the logarithmic
barrier function, is:
x

min f(z) — nlog(ws —sin(z1) — o). (2)

Since the objective functions of problems (2) for k = 1,2,... are twice dif-

ferentiable we use first derivatives to determine possible local minima of (2)

for different values of 7. Assume that n is fixed.
a%l(xg — i log(xg —sin(z1) — %)) =0

0

(2 — mp, log (2 — sin(z1) — &) = (3)

= z2—sin(z1)— 5 (4)
There are two sets of possible solutions of the system (4):

e Set 1

2
xgk) = —WiQmﬁ,

3
2
xgk) = sin(§i2mﬁ)+gimﬂ+nk> m=0,1,2,...



4
xgk) = % + 2mm,
(k) A 2m
Ty = 51n(?:|:2m7r)+?:|:m7r+nk, m=0,1,2,...

The Hessian matrix of the unconstrained problem (2) is

(e (R)
sin(x 0
H<’f>:[ (01) i]. (5)
i
For 2{¥) = 2 4 2mm, matrix H® is not positive definite (check it !!!). How-
ever, for xgk) = %’r + 2mm it is positive definite and therefore satisfies the

sufficient conditions for a local unconstrained minimum.

Thus there is an infinite number of trajectories, one for each local minimum
of the constrained problem (1). Table 2 shows the data for two different

trajectories corresponding to m = 0 and m = —1.
Table 1:
m =0 m = —1
S G A (AN
1 2 1027 -3 0.0287
2 1 207097 —3 —0.2907
3 3 T 0550 —ZF —0.4497
4 & 0423r -3 —0.576m

Exercise 2 Solve the following system of nonlinear equations:

+yp — 3
Wi =[BT =0 ©

starting the algorithm with the initial estimate yo = (1,5).

Solution : First we compute VW(y):

W= |y g | @)

2



and then (VW(y))™!

Y2 1

(VW(y))_l — [ yly—1y2 2(yll—y2) (8)

vi—y2  2(y1—y2)

1. j=0,y0=(1,5).

3
17

L)1 55% ]

e We assumed that 7 = 1 so y; is computed:

Wy = [ ] , ||W0H2: 32+ 172 > e
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3 17
2 ]Zlﬁy].:(_%7l_81)
°
0 / 290
Wl = [ 145 ] ) HWIHQ =4/02% + (6—4)2 > €.
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[ ]
29 _2 0 _2 . 145 145
IR DET IR
34 17 32 17 32 272

e We assumed that 7 =1 so y, is computed:

_5 145 _ 25
8 272 272

0.97113 —0.15704

-1 _ .
(VW)™ = l 0.02887  0.15704 ]  J=atl



3. j = 27 Y2 = (_%7 %)

0

We = [ 0.56837

] s HWQHQ = (0.56837 > e.

g — — 0.97113 —0.15704 | 0 | 0.08926
2 0.02887  0.15704 0.56837 | | —0.08926

e We assumed that 7 =1 so y3 is computed:

15 ] N [ 0.08926 ] _ [ —0.00265 ]

_ — | "2m2
Yz = Y2 + da [% —0.08926 3.00265

0.99912 —0.16637

-1 _ .
(VWe) ™" = l 0.00088  0.16637 1  J=atl

4. j =3, y3 = (—0.00265, 3.00265).
[ ]

0

Ws = [ 0.01593

] , |IWs]la = 0.01593 > e.

de — — 0.99912 —0.16637 | 0 _ | 0.00265
5 0.00088  0.16637 0.01593 | | —0.00265

e We assumed that 7 =1 so y, is computed:

v g — | —0.00265 0.00265 | [ —0.000002
Yo=Y =1 30025 —0.00265 | — | 3.000002

0.999999 —0.166666

-1 _ .
(VW) _[ 0 0.1666661’ J=3+1

5. j =4, ys = (0.000002, 3.000002).



0

Wi = l 0.000014

1 ) HW4||2 =141-10"° > e.

A — — 0.999999 —0.166666 | 0 | 2-1070
L 0 0.166666 0.000014 | — | =2-107%

e We assumed that 7 =1 so y4 is computed:

4 g — | —00000027 2.10°% ] [o
Ys = U4 =13 000002 —2.107% | T | 3

(VW5) 7' = l

D =o =

1 . )
0 ], 7=7+1
6. 7=5,ys=(0,3).

0

Ws = l 1.0978 - 10~

] Wl = 1.0978 - 1071 < e



Results obtained with BFGS update are shown in the following table:

Table 2:
k Y Wi HWk||2
1.00000000  3.00000000
0 5.00000000 17.00000000 17.2626765016
-0.62500000  0.00000000
1 3.62500000 4.53125000  4.5312500000
-0.07575758  0.00000000
2 3.07575758  0.46602388  0.4660238751
-0.01279427  0.00000000
3 3.01279427  0.07709300  0.0770929956
-0.00031382  0.00000000
4 3.00031382 0.00188314  0.0018831430
-0.00000133  0.00000000
5 3.00000133  0.00000800  0.0000079954
0.00000000  0.00000000
6 3.00000000  0.00000000  0.0000000008

Exercise 3 Find the appropriate stepsize parameter for the following system

of equations:

choosing yo = (2,

Solution :

) as a starting point.

do = —(YWo) - Wo = — [ —2.996676 ] '

9.736705
We start with 7 = 1 so y; is computed:

gupecy

=yo+do= [ 5 9.736705

[ —0.996676
~ | 10.236705

1
5||Wl||§ = 578736.27157 > 2.886235



— 1.
.T—2.

2 1 1 [ —2.996676]

N P 1 0.501662
=% T30=\ 51735 9736705

5.368353

1
5 = 12119.807835 > 2.886235

o T =1
o L [2] 1] -299676] _ [ 1.250831
=Yoo=\ 51 77| 9736705 | — | 2.934176
1
S I3 = 334673756 > 2.886235
o T = %:
Ly [2] 1] —2996676 ] _ [ 1625415
=Yt gbo=| 51 73| 9736705 |~ | 1.717088
1
SIWAl3 = 18.606057 > 2.886235
o T =1
ety 2] L[ -299676 ] _ [ 1812708
N=Y%Tp% = 57 76| 9736705 | — | 1.108544
1
5HV\}ng = 4.468205 > 2.886235
o T=1:
ety 2] 1[—299676] _ [ 1.906354
=Yoo zd =\ 517351 9736705 | | 0.804272
1
§HV\AH% — 3.097106 > 2.886235
e T = 1.

[2] 1 [ -2996676] [ 1.976588
5| T 128 | 9.736705 |~ | 0.576068

1
5HV\AH% — 2.864341 > 2.886235

Had we chosen to multiply 7 by % at each iteration it would have converged
in the third iteration, for 7 = 0.01.



