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1. Introduction

Complex numbers and complex functions are used in a wide range of areas in engineering, physics as well as mathe-
matics and their role in many fields such as quantum physics and quantum computation is fundamental and indispensable.
Many programming languages have a pair of floating point numbers to represent complex numbers. In [31], Knuth proposed
the Quarter-imaginary base 2i, where i = /—1, as a system for computing basic arithmetic operations on complex numbers.

In more recent years, there has been a great deal of interesting work by the Blum-Shub-Smale (BSS) model community
and also the type two theory (TTE) community in the computability of various subsets of the complex plane and com-
plex mappings, in particular in connection with complex dynamical systems and fractal objects [3,29,30,8]. In [34,35], the
computational complexity of Taylor series and the constructive aspects of analytic functions have been examined. Lately,
effective analytical continuation and Riemann surfaces have been studied in [43] and a mixed BSS-TTE model has been
used to study computability of analytic functions [25].

Our final goal is to develop a domain-theoretic data type for functions of a complex variable, including analytic maps,
so that it can simultaneously represent the function and its differential properties. In this paper, we will tackle the task of
formulating a derivative for an appropriate family of complex maps.

The class of complex Lipschitz maps, with their rich closure and convergence properties, provides us with a suitable
class to develop a complex function data type. In fact, this class contains the fundamental class of piecewise linear maps, is
closed under taking absolute value and the basic arithmetic operations on functions. Moreover, as well as being uniformly
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continuous, Lipschitz maps with uniformly bounded Lipschitz constants are also closed under convergence with respect to
the sup norm. Vector real-valued Lipschitz maps are, by Rademacher’s theorem, differentiable almost everywhere on finite
dimensional Euclidean spaces [10, p. 148], and by Kirszbraun’s theorem [24, p. 202] these maps can always be extended
from any subset of the Euclidean space to the whole space. Furthermore, complex Lipschitz maps unify the two basic classes
of analytic and anti-analytic maps.

The prominent properties of analytic maps are based on complex differentiation. The question therefore arises: how can
we capture the differential properties of a complex Lipschitz map? In 1980’s, Frank Clarke developed a set-valued derivative
for real-valued Lipschitz maps on Euclidean spaces [9]. On finite dimensional Euclidean spaces, the Clarke gradient has
non-empty compact and convex subsets of the Euclidean space as its values and it extends the classical derivative of C!
maps to the bigger class of Lipschitz maps.

Motivated by structures in domain theory, the L-derivative of real Lipschitz maps and a domain for these maps were
introduced for functions of a single real variable in [20] by generalising the notion of Lipschitz constant of a function in an
open set to a non-empty compact real interval, which gives finitary information about the rate of growth of the function in
the open set. The L-derivative of a map at a point is then obtained by collecting together all such finitary differential prop-
erties that the map satisfies in its neighbourhoods. This gives a shrinking sequence of non-empty compact sets, in the spirit
of interval analysis [33], whose intersection is the L-derivative of the map at the given point. Subsequently, the L-derivative
was extended to higher dimensional maps, first as a hyper-rectangular valued map [21], and later as the non-empty, con-
vex and compact set-valued map, which was also defined on general Banach spaces. The L-derivative was then shown to
be equivalent to the Clarke gradient for maps on finite dimensional Euclidean spaces [16]. Given that the L-derivative is
built by collecting finitary differential properties of a map, it has been used in a number of areas in computer science. In
particular, the domain of locally Lipschitz real-valued maps has been used to develop a PCF type programming language for
computable and differentiable functions [11]. The question is whether we can do the same for complex Lipschitz maps.

In this paper, we define the Lipschitz derivative or L-derivative of a complex locally Lipschitz map, which is always
defined as a non-empty, convex and compact set in the complex plane and is obtained from the set of finitary Lipschitz
properties of the map. Compared to the case of real maps, the new complex derivative is formulated differently but is
inspired from the real case in that we use a generalisation of the notion of Lipschitz constant this time to a non-empty
compact convex subset of the complex plane. At any given point, the L-derivative of a complex Lipschitz map is obtained as
the intersection of a shrinking sequence of non-empty convex compact sets, which are the generalised Lipschitz constants of
the map in the neighbourhoods of the point and each of which gives a finitary description of the derivative. The L-derivative
of a complex map is Scott continuous with respect to the Scott topology of the continuous Scott domain of the non-empty
convex and compact subsets of the complex plane partially ordered by reverse inclusion. It extends the classical derivative
of complex differentiable maps to complex Lipschitz maps such that for analytic maps the L-derivative at any point would
be a singleton, namely the classical derivative at that point. Thus, the L-derivative of an analytic map will be a maximal
element of the continuous Scott domain, which also maps every point to a maximal element. This therefore presents another
example where a classical notion in mathematical analysis is captured as a subset of the maximal elements of a domain
[39,14,13,15,32,18,19].

The L-derivative provides us with a fundamental theorem of calculus for complex Lipschitz maps, a duality between Scott
continuous compact, convex valued maps and their Lipschitz primitives. As analytic functions and anti-analytic functions
(such as conjugation) are both Lipschitz and anti-analytic maps are non-differentiable, the L-derivative also gives rise to a
unifying derivative for both of these fundamental classes.

The calculus of the L-derivative is derived for sum and product; the chain rule for the L-derivative of composition of
functions is also developed. We provide some simple examples of the L-derivative of basic maps like conjugation and
absolute value that are not differentiable.

We then use the directional derivative of a complex map [27] to define a differential transformation which converts
the differential properties of a planar vector valued Lipschitz map into the differential properties of the induced complex
map, whose real and imaginary parts are given by the vector valued map. This transformation gives what we call the
C-derivative of the complex function by mapping the Clarke gradient of the vector function obtained using the real and
imaginary parts of the complex map from a non-empty compact convex subset of the vector space of 2 x 2 real matrices
into the complex plane. We then show that the L-derivative and the C-derivative of a complex Lipschitz map are equal as
non-empty compact convex subsets, which gives a set-valued generalisation of the Cauchy-Riemann equations to complex
Lipschitz maps. It shows that the L-derivative is the convex hull of a union of disks in the complex plane. For analytic
functions, this union is reduced to a single point and we obtain the classical Cauchy-Riemann equations. The extension of
Cauchy-Riemann equations to Lipschitz maps provides a common framework to study the differential properties of analytic
and anti-analytic maps. In particular we show that the L-derivative of the conjugation map is the unit disk centred at the
origin. All these results are extended to functions of several complex variables and thus present a new view on complex
differentiation.

Since they were used in the theory of functions by Cauchy and Riemann in the 19th century [40], Cauchy-Riemann
equations have been at the basis of Harmonic analysis and Laplace equations with applications in partial differential equa-
tions. In the context of the current generalisation of these equations, we are in particular interested in the approximation
of analytic maps by piecewise linear functions and construction of a domain and a data type for analytic functions.
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As a first application, we define the contour integral of a Scott continuous, compact and convex valued map over a
piecewise smooth path (contour) in the complex plane. This integral is again compact and convex valued and we show
that, given a fixed contour, the integral operation is Scott continuous on the domain of Scott continuous, compact and
convex valued maps. We then extend the fundamental theorem of contour integration to these maps, showing that if a
Scott continuous, compact and convex valued map has a primitive with respect to the L-derivative then its contour integral,
as a non-empty compact convex set, always contains the difference between the complex number values of the primitive
map at the end and the start point of the contour.

We will finally explain in the concluding section how the results in this paper can be used to construct a domain of
computation for complex maps in future work.

1.1. The Clarke gradient

We here recall from [9] the definition of the Clarke gradient for scalar and vector real-valued maps on finite dimensional
Euclidean spaces. By Rademacher’s theorem [10, p. 148], a locally Lipschitz map h: U c R" — R™ is Fréchet differentiable
almost everywhere with respect to the Lebesgue measure. Let §2;, be the nullset where h fails to be differentiable. First
assume m = 1. Then [9, p. 63]:

8h(x):conv[jli)ngoh/(xj):xj—>x, xjgé.Qh]. (1)

The above expression is interpreted as follows. Consider all sequences (x;);>o, with x; ¢ 2, for j > 0, which converge to x
such that limj_, o h'(x;) exists. Then the generalised gradient is the convex hull of all such limits. Note that, in the above
definition, since h is locally Lipschitz at x, it is differentiable almost everywhere in a neighbourhood of x and thus there are
plenty of sequences (x;j)j-o such that limj_, ., xj =x and lim;_, o h'(x;) exists.

Consider now m > 1 and the map h: U — R™ with components hy : U — R for 1 <k <m. Note that h is Lipschitz,
say with respect to the max norm, if and only if every component hy is Lipschitz for 1 <k < m. The generalised (Clarke)
Jacobian dh is defined to be [9, Section 2.6]:

ah(x):conv[jli)ngo]h(xj):xj—>x, xjgé.Qh], (2)

where Jh(x) denotes the Jacobian of h at x € U. The above formula is to be interpreted like Eq. (1). There are many
sequences (xj) on U \ £2;, which converge to x such that Jh(x;) also converges to a limit; the generalised Jacobian dh(x) is
the convex hull of all such limits. Let the vector space, R™*", of m x n matrices over real numbers be equipped with the

Frobenius norm, i.e., |M| = /Z’;’:] ZZZ] IMi|. By [9, Proposition 2.6.2], dh;j(x) is a non-empty convex compact subset of
R™*" and the map dh: U — C(R™*") is upper semi-continuous (equivalently Scott continuous), where C(R™*™), equipped
with its upper topology (equivalently Scott topology), is the space of non-empty compact and convex subsets of the vector
space R™*", We have: dh(x) C dhy(x) x --- x dhp(x), where the latter denotes the set of m x n matrices whose jth row
belongs to 9h;(x).

1.2. Notations and terminology

We use the standard notions of basic domain theory as in [1,26]. We write R for the set of real numbers and IR =
{[a,b]|a,b eR,a<b}U{R} for the interval domain, i.e. the set of compact, nonempty intervals together with R, ordered by
reverse inclusion. The domain of all non-empty compact axis aligned hyper-rectangles in R", ordered by reverse inclusion
and augmented with the least element | = R", is denoted by IR", which is the smash product of IR with itself n times.
Any maximal element of IR" is of the form {v} for v € R" and as usual we identify {v} and v for convenience.

Given an open subset a € X of a topological space X and an element b € D of a continuous Scott domain with bottom L,
the single step function b, : X — D is defined as (by,)(x) =b if x €a and L otherwise. Single-step functions are continuous
with respect to the Scott topology. Any finite bounded set of single-step functions has a least upper bound, called a step
function, in the space of all Scott continuous functions of type X — D. The domain of definition of a Scott continuous
function g: X — D is the set of points x € D with g(x) # L. A continuous Scott domain is a bounded complete countably
based continuous dcpo (directed complete partial order). We denote the continuous Scott domain of the nonempty, compact
and convex subsets of R", taken together with R" as a bottom element and ordered by reverse inclusion, by CR". The Scott
topology and the upper topology coincide on CR" as well as on IR" [14]. On these domains the way-below relation « is
given by A « B iff A° O B, where A° is the interior of the compact set A C R". We denote as U — CR", where U C R"
is open, the domain of all Scott continuous, equivalently upper continuous, functions of type U — CR", which are ordered
pointwise to give a continuous Scott domain [26, Proposition 11-4.20(iv)]. We use a canonical basis of CR", consisting of
rational compact and convex polyhedra together with the set R" as the bottom element. This basis in turn gives a countable
and canonical basis of rational step functions for U — CR" generated by single-step functions of the form by, where a is a
rational open hyper-rectangle with faces parallel to the coordinate hyper-planes of R" and b is a rational compact convex
polyhedra in R". The product domain IR" has a canonical basis consisting of all its rational hyper-rectangles and the bottom
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Fig. 1. Representation of an axis aligned rectangle, first reflected through the x-axis and then rotated by 7 /2.

element, which in turn provides a countable and canonical basis for U — IR" similar to the countable canonical basis of
U — CR".
For any z =x + iy € C, the conjugate complex number is denoted by z = x — iy; moreover, the same notation is used

to denote the pointwise extension of conjugation to sets of complex numbers, i.e., for C € C, we write C = {z:z € C}.
Furthermore, all basic arithmetic operations on complex numbers are extended pointwise to subsets of complex numbers,
e.g., for a subset C C C, we write iC :={iz: z € C}. In order to keep the presentation as simple as possible, we use the
isomorphism  : x4+ iy — (x, y) to identify the complex plane C, regarded as a group under addition of complex numbers,
and the real two dimensional Euclidean plane R?, regarded as a group under the addition of vectors: we move from one
plane to the other plane while suppressing any explicit reference to 7 or its pointwise extension to subsets of C wherever
convenient. In particular, an expression containing complex conjugation or multiplication by i can in fact be interpreted,
after carrying out the complex number operations, in the real plane, for example, iA, for a subset A C R%, denotes the
set H[i[H1[A]]l € R?, i.e., the subset A is first reflected through the x-axis and then rotated by 7 /2 around the origin,
i.e., an overall reflection through the line y = x; see Fig. 1. For a compact subset C C C, we put ||C|| = sup{|z| : z € C} and
we denote by conv(A) the convex hull of a set A c R". The transpose of a matrix (or vector) M is denoted by MT. For a
map F:U — R, where U C R? is open, we write the derivative at (x, y), if it exists, as F'(x, y) = (F1(x, y), Fy(x, y)), with
F/ =2 and F, = 2F

1 ax 2 ay
2. L-derivative of complex Lipschitz maps

Throughout this paper, unless otherwise stated, let U € C be a non-empty open subset of the complex plane C often
identified with R? in this paper, as already mentioned. Consider a complex map f:U € C — C with dom(f) € U. The
notion of a set-valued Lipschitz constant for f is now defined using the values of the ratio (f(z1) — f(z2))/(z1 — z2) for
complex numbers z; # z3:

Definition 2.1. We say f has a Lipschitz constant b € C(C) \ {L} in a non-empty convex open set a C dom(f) if for all

71, 22 € a, with zq # zp, we have: % eb.

Note that the above notion of a Lipschitz constant for a complex map f is quite different from the way the corresponding

notion is defined in [20,16,22] for a real map p : U € R* — R. It follows immediately that if a map f : U — C has a Lipschitz
constant b € C(C) \ {L} in q, then it is Lipschitz in a with

|f(z1) — f(z2)| <klz1 — 22l

for all z1, zp € a where k = max{|z|:z € b}.
The single tie of by,, denoted by §(byx,), is the collection of all complex-valued functions f defined on U that have a
Lipschitz constant b in a.

Proposition 2.2. Suppose a # @ and b # 1. We have §(bxq) 2 (b’ xo) iffa’ 2aand b b'.

We define a tie to be any family of maps of type U — C given by some intersection of single-ties. The next two results
make the connection between ties and Scott continuous (equivalently, upper continuous) functions of type U — C(C) clear.

Proposition 2.3. For any indexing set I, the family of single-step functions (b; xq,)ici is bounded in (U — C(C)) if

(8 bixa) # 9.

iel
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Proof. Suppose (;; 8(bixe;) # ¥ and let f € ();; 8(bixq)- Since (U — C(C)) is a continuous Scott domain, we only need
to show that for any finite | C I the set of single-step functions (b;xq;)icj is bounded. In fact, if for any Jo € J we have
ﬂie]o aj # ¢, then from f € ﬂie]o 8(bi xq;), we obtain % € ﬂie]o b; for z1,23 € ﬂ,-ejo a; with z1 # z, and it follows
that (b; xq;)ie; is bounded. O

Moreover, we have the following:
Proposition 2.4. Suppose supjc; bi Xa; T Supjc bj Xq;- Then:

(8 bixa) 2 )8bjxa))-

iel jel

Proof. We show that by, C supje; ijaj implies §(by,) 2 ﬂjEJS(bjxaj) from which the result follows. We have a C
Ujeyaj. Assume f € (;c;8(bjxa;)- Fix w, w’ € a. Since a is convex, the line segment ww’ lies in a and is partitioned
by the open subsets a; for j e J into a set of disjoint intervals which are crescents generated by these open subsets with
respect to the relative Euclidean topology on the line segment ww’. Let z; for t =1,...,n be the boundary points of these
intervals ordered from w to w’ and put zg := w and z;4+1 := w’. Thus for each t =0, ...,n the one dimensional interior
(z¢, ze+1) of the line segment z;z;11 lies in one of these crescents. Since for each z € a we have b C SUD;j.7eq; bj, it follows
that for each t =1,...,n we have b C SUDjj:(z;,2:41)Ca; bj. Thus for any x,y € (z,z4+1) and j € J with (z,z¢41) S bj we
have f(x) — f(y) ebj(x — y), and hence f(x) — f(y) € b(x — y). By continuity it follows that this relation also holds for
X, Y € [zt, zt41]. Therefore,

fw)—f(w) = Zf(lt) - f(zt+1) € Zb(zt = Zr+1) =b<ZZt - Zt+1> =b(w —w'),
t=0 t=0

t=0

where the first equality after membership predicate holds because all complex numbers z; — z;1 have the same direction.
Therefore, f € 8(bxqs). O

Thus, any non-empty tie A =(");;8(bixq;) is uniquely associated with the Scott continuous function
g =supbixa;
iel

and we write A = §(g). Therefore, §(g) is a family of locally Lipschitz functions, defined on ;. a;, whose local Lipschitz
properties are expressible by single-ties provided by the single-step functions below g. In the context of real-valued Lips-
chitz maps on finite dimensional Euclidean spaces, the notion of the tie of maps associated with g coincides with that of
g-Lipschitz maps as studied by Borwein et al. [5-7]. We say a function g € (U — C(C)) is integrable if §(g) # 0.

Let (T(U), D) be the partial order of ties of Scott continuous functions of type U — C(C) ordered by reverse inclusion;

as in the real case, here also (T(U), 2) can be shown to be a dcpo. The set of L-primitives of a Scott continuous function is
precisely the tie associated with it. The L-primitive map is defined by

/ (U - C(©) - TW)
g 68(8).

The set [ g is the collection of the L-primitives of g and the map | is continuous with respect to the Scott topologies on
(U — €(C)) and T(U).

The Lipschitz constants for a map provide us with its local differential properties, which can be collected to define its
global derivative.

Definition 2.5. The Lipschitz derivative or the L-derivative of a Lipschitz function f :U — C is the map

Lf:U— CC),
defined by

Lf=sup{byq: fedbxa)}
From Proposition 2.3, we get:

Corollary 2.6. The L-derivative of any Lipschitz function is Scott continuous.
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The relationship between the L-derivative and the classical derivative is expressed in the following two results. Recall
that a complex map is said to be analytic (or holomorphic) in an open set if it is differentiable at all points in the set; we
say that a complex map is analytic at z € C if it is analytic in an open neighbourhood of z. Note that a map is analytic in
an open set if and only if it has a convergent Taylor series expansion there [2].

Lemma 2.7.If f : a — C is differentiable at z € a then f € §(by,) implies f'(z) € b.
Proof. This follows from (f(w) — f(z))/(w —z) €b for w ea with w #z. O

Proposition 2.8. If f : a — C is analytic in the convex open subset a C U, then the following three conditions are equivalent:

(i) fedbxa),
(ii) Vzea. f'(2) €b,

(iii) bxa E f".

Proof. (i) = (ii). This follows from Lemma 2.7. (ii) = (i). FiX z1, z2 € a, with z1 # z,, and take d € C(C) with b C d°. Let
z =2y —z1 and consider the set T = {k € (0, 1] : (f(z1 + kz) — f(z1))/kz € d}. Note that T is non-empty since limy_, o+ =
(f(z1 +kz) — f(z1))/kz = f'(z1) € b Cd°. We claim that supT = 1. Suppose t :=supT < 1. Then, by continuity of f and
compactness of d, we have: wy := (f(z1 +tz) — f(z1))/tz € d. Moreover, f'(z; +tz) € b Cd° and thus there exists s > t such
that wy := (f(z1 +52) — f(z1 +t2))/((s — t)z) € d. Therefore, we obtain

f(zi+s2)— f(z1)  twi+(s—Hwy
sz a s ’

But since d is convex we have
twy 4+ (s —tHHwy
S

ed,

which contradicts t =supT. It follows that
f(z2) = f(z1) c
2y — 271
Since this holds for all d € C(C) with b C d°, it follows that
22) — f(z
f(z2) — f(z1) c

22—

d.

b.
(iii) <= (ii). Obvious. O

We note that the corresponding proof in the real case in [16] for the non-trivial part of Proposition 2.8, i.e., (ii) = (i), relies
on the mean value theorem for real maps, which is well known to fail for analytic functions [23]. For example, the analytic
map z+> e? — 1 vanishes at z=2nsi for any n € Z, but its derivative namely z — e* never vanishes.

Proposition 2.9. Consider f : U — Cand z € U.

(i) If f is differentiable at z then f'(z) € L f (2).

(ii) If f is analytic at z, then Lf (2) = {f'(2)}.
(iii) If the L-derivative L f (z) is maximal in C(C) then f is differentiable at z with L f (z) = {f’'(2)}.
(iv) The map f is analytic in U if and only if its L-derivative is a singleton at all points in U.

Proof. (i) Suppose f is differentiable at z. If f € §(byx,) and z € a, then, by Lemma 2.7, it follows that f’(z) € b. Since this
is true for any a and b as such, we obtain f'(z) € L f(2).
(ii) Let f be analytic in an open neighbourhood a of z. By Proposition 2.8,

fedbyy < by, C [

Hence, f' Jsup{bxq: f € §(bxq)}. To show equality, let z€ U and put L := f’(z). By the continuity of the derivative f’:
U — C at z, for each integer n > 0, there exists an open ball a C U with z € a such that f’(x) € Ry/n(L) for x € a, where
R;(L) is, for r > 0, the closed square with sides of length r parallel to the axes and centre L € C. By Proposition 2.8, we
have

ffacf3a Ri/n(L) Xa-
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Since

(\Rin@) ={f @},
n>0
we conclude that {f'(2)} = Lf (2).
(iii) Let L:=Lf (2) =({b: f € 8(bxa) &z € a} be maximal and assume € > 0 is given. Then, (\{b: f € 3(bxq) &z €a} C
B (L), where B (L) is the open ball of radius € around L € C. By the intersection property of compact sets in RZ, there
exists b € C(C) with b € B¢(L) and an open, convex set a with f € §(by,) and z € a. Thus, for all w € a\ {z} we have
w € b and hence

f@—-fw)

zZ—Ww

Ll <e€,

and the result follows.
(iv) This follows immediately from (ii) and (iii). O

Also, as in the real case, we have an extension of the fundamental theorem of calculus for complex maps:

Proposition 2.10. For a locally Lipschitz map f : U — C and Scott continuous g : U — C(C) we have
fe / g << gCLf. a

Indeed, if g takes maximal values then g C Lf implies that £f also takes maximal values and thus, by Proposi-
tion 2.9(iii), f is differentiable and thus analytic in U, which gives g = f’.

3. Calculus of the L-derivative

For real functions of type p,q: 0 — R where O C R?, the Clarke gradient (equivalently the L-derivative) has the follow-
ing properties for sum and product [9, Propositions 2.3.3 and 2.3.13] at x € O.

Lpx) + Lq(x) E L(p+q)(x)
pPX)Lgx) +q(x)Lp(x) E L(pq)(X).

Moreover, each of the above two subset inclusions becomes equality at any point x € U if at least one of the two Clarke
gradients L£p(x) and L£q(x) is a singleton. As for the chain rule, if g: U — C and p: 0 — R with Im(q) € O, then for xe U:

(Lp)oqX) - Lg(x) E L(p 0 @) (X).

In addition, if at least one of L£q(x) and (Lp)(q(x)) is a singleton then we obtain equality in the above relation. We will
show now that similar relations are satisfied for complex Lipschitz maps.

We say a Lipschitz map f : U — C is maximally differentiable at a point z € U if £ f(z) is a singleton. By Proposition 2.9(ii)
and (iii), if f is maximally differentiable at z then it is differentiable at z and if f is analytic at z then it is maximally
differentiable at z. Examples 4.11 and 4.15, respectively, show there are functions which are maximally differentiable but not
analytic at a point, and there are functions which are differentiable but not maximally differentiable at a point. In the sequel,
we will use the following notation: given a set C € C(C), the e-neighbourhood of C is defined as Cc = {w :d(w, C) <€},
where d(w, C) is the distance between w and the compact set C.

Proposition 3.1. Let f, g: U — C be Lipschitz maps and z € U. Then we have:

o Sum. Lf(z) + Lg(z) T L(f + g)(2), and equality holds at a point z € U if at least one of f and g is maximally differentiable
at z.

e Product. f(2)Lg(z) + g2)Lf(z) T L(fg)(2), and equality holds at a point z € U if at least one of f and g is maximally
differentiable at z.

e The chain rule. Let g : U1 — C and f : Uy — C with Im(g) € U, be Lipschitz maps, where U1 and U, are non-empty open
subsets, and let z € U1. Then:

((£Lfog)Lg2) EL(f 0 g)(2),

and we have equality if the following holds: f is maximally differentiable at g(z) or g is maximally differentiable at z.
o Scalar multiplication. L(kf)(z) = kL f (2).
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e Monomials. L(f (2)™) =n(f ()" 'Lf(2).
e Reciprocal. L(1/f)(2) = —(Lf(2))/(f(2))% for f(z) #0.

Proof. Sum. Let z€ U and b <« Lf(z) + Lg(z). By the Scott continuity of £f and Lg, Proposition 2.10 and the Hausdorff
continuity of the Minkowski sum — @ — : C(C) x C(C) — C(C), there is a neighbourhood O C U of z and by < Lf(z) and
by, « Lg(z) such that f € 8(b1x0), g€ 8(baxo) and b < b1 + by K Lf(2) + Lg(z). Now for distinct z1,z, € O we have:

f(z1)+8(z1) — f(z2) —g(z2)  f(z1) — f(22) n &(z1) — g(22)
21— 22 o 21— 2 21— 2

€bi+by Ch.
It follows that b = L(f + g)(z). Since b <« L f(z) + L£g(z) is arbitrary, we obtain the first result. Now assume one of the two
maps, say g, is maximally differentiable at z. Let C < L(f + g)(2) and € > 0. Thus, there exists §yp > 0 such that

fwy) +gwy) — f(wz) — g(wa) .
w1 — Wy

C, (3)
for |[wj —z| <80, j=1,2, wi # wy. On the other hand, since £g(z) = {g'(2)}, there exists §; > 0 such that

g'@) — (g(w1) — g(w2)) /(W1 — wp)| <€,
for |[wj—2z| <61, j=1,2, and w1 # w3, and it follows from Relation 3 that

fwy) = f(wa)

W1 — w3

+g'(2) e Ce.

Thus, L(f)(z2) C Cc — g'(2), i.e., Lf(2) + g'(z) C Cc. Since € > 0 is arbitrary, we obtain £f(z) + g’(z) C C and the second
result also follows.

Product. This follows similar to the case of sum, by considering the continuity of f and g, the Scott continuity of Lf
and Lg and the Hausdorff continuity of the product — ® —: (k, A) > {kz:z € A} : C x C(C) — C(C), together with the
identity:

fwgwi) — f(wa)g(wa) _ fFwnlg(wi) — g(wa)] + Lf(w1) — f(wa)]g(w2)

w1 — w3 w1 — wa w1 — wa

for distinct wq, wy € U. The case of equality when g is maximally differentiable at z follows similar to the case of sum.
The chain rule. Fix z € U;. Then g(z) € U;. Let b < ((Lf) o 8)(2) - Lg(z). By the Scott continuity of Lf and Lg, the
continuity of g, and the Hausdorff continuity of the product —® —: (A, B) > {zw :z € A, w € B} : C(C) x C(C) — C(C), there
exists a neighbourhood 01 of z, a neighbourhood O, of g(z) and by, b, € C(C) such that g € §(b1x0,) and f € §(b2x0,)
with b« b1 -by K (Lf)og)(2)- Lg(2). If g is constant in a neighbourhood of z then the result follows trivially. Otherwise,
for wi, wy e= 01 Ng~1(0,) with g(wq) # g(wy), we get the identity:
flg(w1)) — f(gwa)) (f(g(W1)) - f(g(Wz))> (g(Wl) - g(Wz))
w1 —w; g(wy) — g(wa) w1 —w; '
Using this for wi, wy € 01N g~1(0>), it follows that b = £(f o g)(z) from which the first result follows.

Now suppose g is maximally differentiable at z. If g’(z) = 0 then equality follows immediately. Assume g’(z) # 0. Let
b < L(f o g)(2). Then there exists a §o > 0 such that

<f(g(W1)) - f(g(Wz))> (g(W1) - g(Wz)) _ fg(wr)) — f(g(wa)) c
g(wy) — g(wy) Wi — w3 w1 — w3
for [wj —z| <o, j=1,2, and wq # wj. Also, since Lg(z) ={g'(2)}, for any € > 0, there exists a §; > 0 such that |g’(z) —
(g(w1) — g(w2))/ (w1 —w)| <€/(ILf o gD + 1) for |wj —z| <1, j=1,2, and wy # w;. Then,
fgw)) — f(gwa)) (g(w1) —g(wa)
-8
g(wy) — g(wy) Wi — w3

for |[wj —z| <min(dp, §1), j=1,2, and g(wq) # g(w>), and it follows that

<f(g(W1)) — f(g(w2))
g(wq) — g(wy)
and hence
f(gw1)) — f(g(w2))
g(wy) — g(w2)
Thus, £f o g(z) Cbe/g'(2). Since € > 0 is arbitrary, we obtain £f o g(z) Cb/g'(z), or Lf o g(2)g'(z) Cb.

b, (4)

<€,

)g’(Z) € be,

€be/g'(2).
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Next suppose f is maximally differentiable at g(z). Then, (Lf)(g(2)) = {f'(g(2))}. We now assume that f’(g(z)) #0,
otherwise the result follows immediately. Let b < L(f o g)(z) and §p > 0 be such that Eq. (4) is satisfied, and take any
€ > 0. There exists §; > 0 such that

fgw) — f(g(wa))
g(wq) — g(wy)

€
I1£g@)| +1

f'(g@)] <

for [wj —z| <81, j=1,2 and g(wq) # g(wy), ie, ﬂ(g(z))% € be and the result follows as in the previous case.
Scalar multiplication. This is trivial to check directly but also follows from the chain rule using the linear map z +— kz,
which is analytic and hence maximally differentiable with constant derivative with value k.
Monomials. This follows from the chain rule using the analytic map z > z".

Reciprocal. This is again a consequence of the chain rule using the analytic map z+— 1/z for z#0. O

4. Generalised Cauchy-Riemann equations

Assume that f:U — C and write f =V +iW where V and W are the real and imaginary parts of f respectively. For
ze€ U, we write z=x+1iy so that f(z) =V (x,y) +iW(x, y). Recall the classical theorem for Cauchy-Riemann equations |2,
p. 25]: If V, W : U — R are continuously differentiable, then f is analytic in U iff for all points in U,

oV W av AW

—_— =, —_— = 5
ax Ay ay ax (5)
i.e., using our notational convention in Subsection 1.2, V/ =iW’. When f is analytic, we have:
v oV — ow ow —
f/= _—,—— =V/, f/= _—, =iW’. (6)
ox ay ay  ox

We will obtain an analogue of these properties for Lipschitz maps. More precisely, we obtain the L-derivative of a
complex Lipschitz map in terms of a so-called C-derivative which is obtained, as we will see, by a transformation of the
Clarke gradient of its real and imaginary parts. In the case that V and W are C! maps, this will generalise the two points
given by the partial derivatives of V and W in Eq. (6) to a disk with these two points as a diameter. More generally,
this construction leads to the union of disks obtained from the transformed Clarke gradient of the vector valued map
x,y) —~ (V(x,y), W(x, y))T. We use the notion of the directional derivative of a complex map presented in [27, Section
6.10], where it is attributed originally (with a different notation) to Bernard Riemann.

Proposition 4.1. Suppose V and W are differentiable at (x, y) € R? and assume z = x + iy. Then,

_ f+re’y—fm) 1 . 1 i .
lim —=—— == Slertda it =]+ se7* er —da +idr + ).

where (c1,c2) = V' (x, y) and (dq,d2) = W/ (x, y).

We denote the circle in C, given in the above proposition, with the pair of points ¢ = c¢; +ic; and d =d +id;, as the two
end points of a diameter by S(c, d). This circle is named after Kasner, who had called it the clock [27, p. 349]. We also call
the corresponding disk, denoted by D(c, d), the Kasner disk, which is the convex hull of S(c, d). Thus, with the assumptions
of Proposition 4.1, we obtain:

Corollary 4.2. The complex number lim; o %‘W lies on the circle S(V'(x, y), iW'(x, ¥)).

We define the differential transformation as the map T : R? x R? x [0, 27r) — C, where
1 . 1 5 .
T(c,d,0) = E[C1 +dy +i(d1 —c2)] + ¢ 207cy —dy +i(dy + c2)].
Furthermore, we extend T to obtain the binary operation — ® — : R? x R? — C(C) given by

cod:=conv{T(c,d,0):6 €[0,27)} = conv(S(, id)) = D(C, id), (7)

where conv(A) denotes the convex hull of a set A € R2*2. Since T is a continuous map, it follows that the extended
transformation — @ — is continuous with respect to the Hausdorff metric on C(C).

Consider now the map f :U — R? with fﬁ =V and fz = W where V, W : U — R (and hence f’ with respect to the max
norm) are Lipschitz. We will use the Clarke gradient of the vector map f (see Eq. (2)) and the differential transformation
to define another notion of derivative for complex Lipschitz maps. We say, in analogy with the case of complex maps,
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that a Lipschitz g : U ¢ R? — R is maximally differentiable at a point u € U if dg(u) is a single point. At a point where g
is maximally differentiable, it will be differentiable but will not be necessarily continuously differentiable [9, Proposition
2.2.4]. We have the following simple property.

Proposition 4.3. If one of the two maps V and W is maximally differentiable at u € U, then Bf(u) =0V (u) x oW (u).

Proof. Suppose V is maximally differentiable at u € U. Then, any 2 x 2 matrix M € 8f(u), given by Eq. (2), will have {3V (u)}
as its first row and some point in dW (u) as its second row. Thus, the first row factors out and the result follows. O

Definition 4.4. The C-derivative of the complex function f =V +iW : U — C at the point z=x+iy is defined as the subset
3 f(z) c C with

8f(z):coan{v®w: [\‘//v} eaf(x, y)},
where f:U — R? with f; =V and f, =

Note that we are using the same symbol 0 for the C-derivative 9 f of a complex function f as for the Clarke gradient
Bl f of a vector real valued function f Since — :R2*2 — C(C) is continuous with respect to the Hausdorff metric on
C(Q©), it follows easily that 3 f(z) is compact as well as non-empty and convex. Moreover, d f : U — C(C) is continuous with
respect to the Scott topology (equivalently, upper topology) on C(C).

We will now show that our two notions of the L-derivative and C-derivative for f coincide. First we need a simple
technical lemma. Recall that given a non-empty compact convex set C C R", its support function Sc : R" — R is defined as
Sc(v) =sup{v -x:x e C} [37,4]. Note that for a unit vector v € R", the value of the support function Sc(v) is simply the
supremum of the distance from the origin to the projection of C onto the direction of v. We also have S¢ < Sp if and only if
C C B [38, p. 37]. Suppose now P :[a,a+r] — R? is a vector-valued function of a real variable, defined almost everywhere
with respect to the one dimensional Lebesgue measure on [a, a+r], and suppose its two components P, Py :[a,a+71] —> R
are both Lebesgue integrable.

Lemma 4.5. Suppose we have P(s) € C, for almost all s € [a,a + r], where C € R? is a non-empty compact convex set, then
1 ra+r

- P(s)ds € C.

rJa

Proof. If P(s) € C, it follows that P(s) - v = Sp(5)(v) < Sc(v) for almost all se€[a,a+r] and all v e R2. Thus, by integration
we obtain:

. a+r ] a+r
(?/P(s)ds)-v:?/P(S)'Vdsfsf(")'

a a

a+r

Therefore, the support function of 1 f P(s)ds is bounded by that of C and the result follows. O

Lemma4.6.1f (v;, w;)" € R**? for j € ], where ] is a finite indexing set, and if v =3";_; »jvjand w = Y";_; A jwj where A; > 0
with 3., Aj=1, then

vOwCconv{v;Ow;j:je J}L

Proof. Denote the centre and radius of the circle S(v;j,iw;) by p; and r; respectively. Let Sy (v, iw), for 6 € [0, 277), be the
point on the circle S(v,iw) with polar coordinate 6, measured anti-clockwise from the real axis with respect to the centre
of the circle. The circle S(v, iw) has in fact its centre at

v—Hw —Z <VJ+IW]>=Z)»jpj,

jel jel

and has radius
[V —iw| Vi —iwj]
1’:—2 §ij - :Zk]f’j.
jeJ jel

Thus, p e conv{v;Owj:je J} and r <3 ;. ;Ajrj. We have,
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> aiSe(viiwp =Y rj(p+rie?)=p+ (ka)e"@,
jel jel] jel

Therefore Sg(V,iw) = p + re’? lies on the line segment with end points at p and Zie] AjSy(Vj,iwj), which are both in
conv{v; ®©wj: j e J}, and the result follows. O

The following theorem shows that the L-derivative of a complex Lipschitz map coincides with its C-derivative, which is
the image of the Clarke gradient of its real and imaginary parts by the differential transformation T. Given the properties
of the complex L-derivative, which extend those of the classical derivative, we can regard this theorem as a generalisation
of the Cauchy-Riemann equations. Recall that by Carathéodory’s theorem, any point of the convex hull of a subset S ¢ R™
lies in the convex hull of at most m + 1 points in S [12].

Theorem 4.7 (Generalised Cauchy-Riemann equations). For any Lipschitz map f : U — C, we have Lf =9 f.

Proof. First we prove that £Lf D df. Let f =V +iW and z=x+ iy € U. Assume that b < Lf(z) for some b € C(C).
By Scott continuity of Lf at z, there exists an open set a C U such that b < Lf(w) for all w € a. Then by, C Lf and
thus f € [bxq =8(bxs) by the Fundamental Theorem of Calculus, Proposition 2.10. Therefore, for all distinct z1, 2z € a we
have % € b. Assume that z; =xj +1iyj, for j=0,1, and that V and W are differentiable at (xp, yo). Then, put
21 — zg =re'? and fix 6. We have:

f@) = f@0) _ i (f(ZO +ret’) f(zO)>

21— 2o r

_e,ig(V(xO +rcos6, yo +rsind) — V(xo, yo) +i(W (xo +rcos6, yo +1sind) — W (xo, yo)))
r

In the limit as r | 0, the latter converges to T (V'(xg, ¥o), W’ (X0, ¥0), ), by Proposition 4.1. Thus, by our assumptions, since
6 is arbitrary, we obtain:

V'(x0, yo) © W'(xo, yo) S b. (8)

Now take (v, w)T ¢ 8f(x, y), with v, w € R2, such that there exists (cf. the definition of the Clarke gradient, Eq. (2)),
a sequence (g, Bn)n=0 with the following properties:

e V and W are differentiable at (o, By) for all n >0,
o (ap, Bn) = (x,¥) as n — oo, and
[ limnﬁoo(vl(an, ﬂn), W/(dn, ﬂn))T = (V, W)T_

Thus, using Relation (8) for each point (ay, 8y), we have V'(ay, Bn) © W/(an, Br) C b for all n > 0. Since the set {C €
C(C) : C c b} is a closed subset of the Vietoris topology, equivalently the Hausdorff metric topology, on C(C) and since
©:R? x R? - C(C) is continuous with respect to the Hausdorff metric, we conclude that v ® w C b for each pair (v, w) €
af(x, y) that satisfies the above three properties. Now take any (v, w)T € Bf(x, y). By Carathéodory’s theorem, (v, w)T is in
the convex hull of at most five points that satisfy the above three properties. By Lemma 4.6, it follows that v © w C b. Since
b is convex, it follows from the definition of the C-derivative 4.4 that d f(z) C b from which we conclude that £ f(z) D 9 f(2).

To prove that £f(z) C df(z) for any z € U, let b < 3 f(z). By Scott continuity of d f, there exists an open subset O C U,
with z € 0, such that 3 f(w) Cb for w € 0. It follows that if the derivatives of V and W exist at (x, y) with z=x+iy €O
then V/(x,y) © W/(x, y) Cb. Let £2 C O be the null-set (with respect to the Lebesgue measure on R2) such that V or
W fail to be differentiable on £2. Since, by Rademacher’s theorem, ]‘ is differentiable almost everywhere, Fubini’s theorem
in polar coordinates (with the origin at the point z) applied to the characteristic function of £2 implies that for almost
all 6 € [0, 2) (with respect to the one dimensional Lebesgue measure), the radial segment given in polar coordinates by
0 N{z+re? :r >0} meets 2 in a null-set. Let § be such a value, and suppose z; = z + rei’ for r > 0. We note that any
Lipschitz map coincides with the indefinite Lebesgue integral of its derivative (which exists almost everywhere). Thus, by
integrating along the line segment from z to z; we obtain:

f(z1)— f(@ _e_i9<V(x+rc059,y+rsin0) — V&, y)+i[Wx+rcosh,y+rsind) — W(x, y)])
Z1—Z r

.
1
== / T(V'(x+scos6,y +ssing), W (x+scos6, y +ssin6), ) ds

0
eb
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where the latter relation holds by Lemma 4.5. By continuity, it follows that, for fixed z, the above relation holds for all
z1 € O with z7 # z. Since b « 3 f(z) was arbitrary, the result follows. O

We note from the definitions that

coan{va: [:v} eaf(x, y)} =coan{D(V,iv_v) : [\Yv} eaf(x,y)}. 9)

Comparing Eq. (9) with the classical Cauchy-Riemann equations (6), we see that for a non-analytic map there exists a
2 x 2 real matrix [:}] € Sf(x, y) with v # iw, which will give rise to a nontrivial disk D(v,iw) with a non-zero radius.
Thus, for Lipschitz maps in general, the L-derivative is given by the convex hull of a union of disks rather than a single
point of the complex plane. The following corollaries indicate that we have a generalisation of the classical result.

Corollary 4.8. Suppose f =V +iW : U — C and assume V, W : U — R are continuously differentiable. Then Bf =V x oW,
where

V=V, oW =w’,
and for any z € U, the value of the L-derivative L f (z) is the disk D(V'(x, y),i W' (X, ¥)).

Thus, the L-derivative of f at any point where the maps V and W are C! is a single disk, which is the simplest example
of the L-derivative for a non-analytic map. We also obtain another proof for the classical Cauchy-Riemann equations.

Corollary 4.9. Suppose f =V +iW : U — C and assume V, W : U — R are continuously differentiable. Then f is analytic in U iff
V and W satisfy the classical Cauchy—-Riemann equations.

Proof. If f is analytic in U then f'= Lf in U by Proposition 2.9(ii). Thus, £f has maximal values at each z € U. Hence,
by Corollary 4.8, for all (x,y) € U, the values 3V (x,y) and dW (x, y) are also maximal, i.e., points in R2, with 9V =V’
and 9W = W’, and we have: V'(x,y) =iW’'(x,y) for all x+iy e U, ie, V{(x,y) —iV,(x,y) = Wi(x,y) +iW|(x, ), ie,
V'(x,y) =iW’(x, y), which are precisely the Cauchy-Riemann equations (5).

On the other hand, if the classical Cauchy-Riemann equations hold then, by Corollary 4.8 again, £ f takes maximal values
for each z € U. Hence, by Proposition 2.9(iii), f' = Lf exists at each point z € U and thus f is analytic. O

Since 8]‘(){, y)ycaV(x,y) x W (x,y), we always have: 9 f C conv(dV © dW), where as usual z=x + iy and we have
extended the map ©: R? x RZ — C(C) pointwise to © : C(C) x C(C) — C(C) by

C1®C2=U{v©wzveC1,weC2}.

It follows from the definition that if af(x, y) =0V (x,y) x aW(x, y), which, by Proposition 4.3, is certainly the case if at
least one of V and W is maximally differentiable at (x, y), then we have: 9 f(z) = conv(dV (x, y) © dW (x, y)).
We now present an example for which 9 f # conv(dV © dW).

%4

Example 4.10. Consider f =V +iW where the piecewise linear map f = [W

matrix notation, as follows:

(1 0 X
b Sl e

(1 0 [«x
_ _1][y] x=0&y=>Ix|,

]:R? - R? is defined, for convenience in

Vy) | ) [-1 =2][x
] L2 2]1] veosozyem
_01 ?][;] Xx<0&0>y>x,

This vector function has been used in a different context in [42, Example 6.4]. We calculate:

OO I N e N I H A | (10)
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Fig. 2. The L-derivative £ f(0) (left) is a proper subset of conv(dV (0,0) ® dW (0, 0)) (right).

Note that the matrix [g) fl] is a convex combination of the two matrices [jz 31] and [; fl ], and thus need not be included
in set on the right hand side of Eq. (10). We also have:

aV(0,0) =conv{(1,0), (—1,-2),(-1,2)},  aW(0,0) =conv{(0, 1), (=2, 1), (2, = D}.

It is now clear that 8]‘(0, 0) # (aV(0,0)) x (0W (0, 0)). Thus, 9V (0,0) x aW (0, 0) is generated as the convex hull of the
following nine matrices in C(R%*?):

() [(1, ﬂ (ii)[_lz _01], (iii)[; _01], (iv)[‘o1 ‘f],

-1 =2 L =1 =2 =1 2 L | =1 2 . -1 2
w| 3] w3 3 e[y ] e[ A w2
Each of the matrices above has two row vectors v and w, say, which give rise to the disk D(v,iw) c (aV(0,0) x
dW (0, 0)). These disks therefore each have a diameter with the following (unordered) pairs of endpoints:

H{1,0,0,0};  (i){1,0,-1.,-2)}; (i) {1,0),(=1.2)}; (V) {(=1.2).(1,0)};
W (1,2, (=1,=2};  (vi) {(=1,2),(=1,2)};  (vii) {(=1,-2),(1,00};  (viii) {(=1,-2), (=1, -2)};
(ix) { (=1, -2), (-1,2)}.

Note that (ii) and (vii) are the same pairs, similarly, (iii) and (iv) are the same as well as (v) and (ix). Moreover (i) and (viii)
are each a single point. One checks readily that the union of the above disks is the union of the disks represented by the
pairs (ii), (iii) and (v). Thus,

3V (0,0) ©9W (0, 0) = conv{D((1,0), (—1,-2)) UD((1,0), (-1,2)) UD((—1,2), (-1,-2)) }.
Similarly, 3;‘(0, 0) gives rise to four disks each with a diameter with the following pairs of endpoints:

Here, again (i) and (iii), as well as (ii) and (iv) represent the same disks. Thus,
3 f(0) = conv{D((1,0), (—1,-2)) UD((1,0), (-1,2)) }.

and we see that £f(0) =09 f(0) C conv(dV (0,0) ® aW (0, 0)) is a proper inclusion; see Fig. 2.

Example 4.11. Let f :z+ |z|?. Then, V(x,y) =x*> + y? and W =0. Here, V and W are continuously differentiable but the
classical Cauchy-Riemann equations only hold at z =0, where f is differentiable with f’ = 0. We have:

WVEY=Vxy)=2xy), WKy =Wi(y) =(0,0).
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Thus, the extended Cauchy-Riemann equations gives

(Lf)(2)=D(2z,0),

i.e., (Lf)(2) is the disk centred at Z and radius |z|. At z=0 we have (Lf)(0) = {0} = {f’(0)}. Hence, f is maximally
differentiable at O but not analytic there.

Example 4.12. Consider the conjugation map f : C — C with f(z) =z. Then V(x, y) =x and W (x, y) = —y are both contin-
uously differentiable. At all points (x, y) € R?, we have:

Wxy=V(xy =10, IWky=W(xy=(0-1).

Thus, for any z € C, the L-derivative is the unit disk centred at the origin: £f(z) =D(1, —1).

Example 4.13. More generally, consider any anti-analytic map f : U — C. Recall that we can write f(z) = h(z) where
h:U — C is analytic, in other words f =h o g, where g is the conjugation map. Thus, by the chain rule and since analytic
maps are maximally differentiable we obtain: £ f(z) =h'(2)£g(z) = h’(z)D(1, —1) = D(h'(2), —h’(2)), (using Example 4.12),
i.e., the disk centred at the origin and radius |h’(2)|.

Example 4.14. Consider the absolute value map f:C — C with z+ |z|. Here, f is nowhere differentiable as the Cauchy-

Riemann equatlons do not hold anywhere. In fact, V (x, y) = v/x2 + y2 and W (x, y) =0, so that, for z=re! £ 0, we have

3‘; = \/Xz’;_yz and & ay = \/Z}’Ty ie, V'(x,y) =ei?. At the origin, 8V (0) is the unit disk centred at 0. Thus, for z # 0, we

have £f(z) =D(V'(x, y),iW’(x, y)) =D(e~?, 0), ie., the disk with the line segment from the origin to e~ as a diameter.
For z =0, the L-derivative £f(0) is the union of disks each of which has a diameter with the origin as one endpoint and
a point of the unit disk centred at the origin as the other endpoint. But this union is in fact the unit disk centred at the
origin.

Example 4.15. Consider f:C — C with f(z) = z%sin1/z for z#0 and f(0) = 0. Then f is differentiable at z =0 with
f’(0) = 0. In this example, f is differentiable but not maximally differentiable at 0, which can be easily checked. This is
similar to the real-valued map x+— x%sin1/x: R — R for x # 0, also defined to be 0 at 0.

5. Fundamental theorem of contour integration

As an application for the theory developed so far, we will present a generalisation of the celebrated fundamental theorem
of contour integration [41, Theorem 6.7] to complex Lipschitz maps. A path in a connected region R C R" is a continuous
map p: [a, b] = R with endpoints p(a) and p(b). We say p is piecewise C!, if p’ exists and is continuous except for a finite
number of points at which the left and right derivatives of p exist and are limits of p’ from right and left respectively.
A contour is a piecewise C! path. A contour is piecewise linear if it consists of a finite number of straight line segments. The
space P(U) of contours in the region U C R" is equipped with the C! norm:

Ipll = maxi max [p|, max |p'(r) ”} (11)
rela,b] p’ (r)exists

Recall that the classical theorem states that if U C C is an open connected set and f:U — C is a continuous function
with F' = f for some differentiable F : U — C, then for any contour, p : [a,b] — U from zg to z;, we have fp f=F(z1) —
F(zp).

We will extend the fundamental theorem of contour integration to an integrable Scott continuous function g : U — C(C).
By Proposition 2.10, if g is integrable then there exists h : U — C, defined on each open connected component of the
domain of definition of g in U, such that g T Lh. For the extension theorem, we need to define the integral fp g of the
convex, compact, non-empty-valued function g along a contour p : [a,b] — O, where O is an open connected component
of the domain of definition of g. The integral fp g will be a compact and convex subset of C, equivalently R%, which we
will define by specifying its support function.

Recall that a map f:R" — R is said to be sublinear if, (i) it is positively homogeneous, i.e., f(Av) = Af(v) for all A >0
and all v € R", and, (ii) it is subadditive, i.e., f(u+v) < f(u) + f(v) for all u, v € R" [38, p. 26]. The following fundamental
result characterises support functions in terms of sublinear maps.

Proposition 5.1. (See [38, p. 38].) A function h : R" — R is the support function of a (necessarily unique) non-empty compact convex
set if and only if h is sublinear.

Let S:R? — R be defined by
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b
s(v):/sup((g(p(t))l?/(f))‘V)dt'

Note that g(p(t))p’(t) is the pointwise extension of the product of the two complex numbers to the product of the set
g(p(t)) of complex numbers and the complex number p’(t), whereas the dot product is the pointwise extension of the dot
product to that of the planar subset g(p(t))p’(t) and the planar vector v.

Proposition 5.2. The map S is well-defined and is the support function of a non-empty compact and convex subset of the plane.

Proof. Since g is Scott continuous and p is piecewise C!, it follows that, given any v € R?, the map f :t —
sup(g(p(t))p’(t)) - v : [a,b] — R is upper-semicontinuous. As any upper semi-continuous functions attains its maximum
on any compact set [28, Theorem 1.2], it follows that f is bounded above. On the other hand,

—f(ty=—sup((g(p®)p'®)) - v) =inf((g(p®))p'(®)) - (—v)) < sup((g(p®))p'(®)) - (—V)),

and thus —f is also bounded above. Hence, f is bounded as well as upper semi-continuous and is, therefore, Lebesgue
integrable. This shows that S is well-defined. For each t € [a, b], the set g(p(t))p’(t) is a non-empty, compact and convex
set with support function v — sup((g(p(t))p’(t)) - v) : R — R, which is therefore a sublinear map by Proposition 5.1. Since
integration, as a linear operator, preserves the properties of being positively homogeneous and subadditive, it follows that
S is also sublinear and hence the support function of a non-empty compact convex set. 0O

Definition 5.3. The integral of a Scott continuous g with respect to the contour p, which is denoted by fp g, is the unique

non-empty convex, compact set with support function S : R — R, as implied by Propositions 5.1 and 5.2. Using our notation
for support functions of convex sets we write S =S Iy

From the above definition, it follows that for any contour p : [a,b] — U and any point ¢ with a <c <b we have:

[e= [ &+ [ =
p plla.c] pl

[c,b]

Now consider the map

/ : (U — C((C)) — C(C),
p
where we let fp g= 1 if Im(p) C U does not hold.

Proposition 5.4. For any contour p, the map fp : (U — C(C)) — C(C) is Scott continuous.

Proof. Monotonicity follows immediately from the definition and preservation of lubs is a consequence of the monotone
convergence theorem. 0O

Lemma 5.5. Let g € (U — C(C)) be a Scott continuous map and suppose (pn)n>o0 is a sequence of contours with p, — p asn — oo
in the C' norm. Then [, g — [, g asn— co.

Proof. The sequence of bounded upper semi-continuous maps t — sup((g(pn(t))p;,(t)) - v) : [a, b] - R converges pointwise
to t = (sup(g(p(t))p’(t)) - v) : [a, b] — R. The result follows from the dominated convergence theorem. O

Theorem 5.6 (Fundamental theorem of contour integration for Lipschitz maps). Suppose h € | g is a primitive for the Scott continuous
function g. Then for any contour p : [a,b] — O, from z= p(a) to w = p(b), where O is an open connected component of the domain
of definition of g, we have

h(w) —h(z) € /g.
p
Proof. By Lemma 5.5, it suffices to prove the result for any piecewise linear contour p : [a,b] — O. Assume that the end

points of the line segments in p are at points a=tg <t <,...,t <ti+1,...,tx =b. Since h is a primitive of g, it follows,
by Proposition 2.10, that g © L£h with h(z) =V (x, y) + iW (x, y) with z=x+iy.
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Fig. 3. A piecewise linear contour p from z to w and its parallel transport q in [t;, t;+1] on the transversal section A;.

Then V and W are Lipschitz on O and, by Rademacher’s theorem, they are differentiable almost everywhere in O with
respect to the two dimensional Lebesgue measure. Suppose 2 C O is the null-set on which V or W fail to be differentiable.
We fix i with 0 <i <k, take a small transversal (Poincaré) section A; to the line segment from p(t;) to p(ti+1) and consider
the parallel transport of p along each point on A; as follows. See Fig. 3.

Now for each u € A; consider the linear contour with one single segment py, : [t;, ti+1] — O, where p,(t;) = u, such that
the line segment p,[t;, tiy1] is parallel to p[t;, tit1], i.e., pj(t) =p/'(t) for t; <t <titq.

By applying Fubini’s theorem to the integral of x (the indicator function of §2) with respect to the two dimensional
Lebesgue measure over the rectangle bounded between line segments A; and A;j;1, it follows that for almost all u € A; with
respect to the one dimensional Lebesgue measure on A;, the intersection of £2 N p,([¢;, ti+1]) has zero one dimensional
Lebesgue measure. It follows that for almost all u € A;, with respect to the one dimensional Lebesgue measure on Aj;, the
maps V and W are differentiable on the path p, almost everywhere with respect to the one dimensional Lebesgue measure
on this path. Let u be such a point and, to simplify the notation, put g = p,. Then for almost all t € [t;, ti+1], both V and
W are differentiable on the linear path q: [t;, ti+1] — O. In the following, let t € [t;, tj+1] be such that V and W are both
differentiable at q(t), i.e., V'(q(t)) and W’(q(t)) both exist. We have

dh(q(t
% =q;OV1(a®) + 5O V5 (q®) +i(gh OW(q®) + g5 O WS5(q®))). (12)

Using g(q(t)) E Lh(q(t)), it follows that

V() =Vi(a®) —iVy(q®) e D(V'(q(0).iW’(q(1))) S Lh(q()) < g(q(b)).

and similarly,

iW’(q(t)) =W3(q()) +iWi(q®)) e D(V'(q(0)).iW’(q(t))) < Lh(q(®)) < g(q(®)).

We also compute the following products in the complex plane:

at) +ib(t) :==q' (V' (q(0) = g1 (OV1(a®) + a5, V5 (q(®)) — (g1 (V5 (a®) — a5 Vi(q(®)))

c(t) +id(t) :=q' OIW’(q(D) = =g, OW(@(() + g1 OW5(q(®)) +i(q; OW](q(D) + g5 O W5 (q(D))).

From D(V/(q(t)),iW’(q(t))) € g(q(t)), by pointwise complex multiplication, we obtain: q’(t)D(V’(q(t)),iW’(q(t))) €
q' (t)g(q(t)). Also, multiplication by a complex number amounts to a rotation and scaling, thus it sends a disk to another
disk, and we obtain:

q' ®OD(V'(q()).iW’(q(t))) =D(q'®)V'(q(®)). ig (OW'(q(1))).
Since the two points a(t) + ib(t), c(t) +id(t) € D(q'(t)V'(q(t)), iq’ (t)W'(q(t))) are the two ends of a diameter of the trans-
formed disk, we deduce that % =a(t) +id(t) e D(@' V' (q®)),iq' (t)W’(q(t))); see Fig. 4.
Thus, we obtain:

dh
7(;{(0) =q;(OV1(a®) + 5O V3 (1) + i(g; OW1(a®) + g5 OW5(q(®))) € g(a®))q'®). (13)

Moving to the real plane RZ, we take the scalar product of both sides of Relation (13) with any vector v € R2, then take
supremum and integrate along the path q from t =¢; to t = t;41, to obtain:
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q )
iW (q(t) e(t) q (HIW'(q(1)

Fig. 4. The disk D(V’(q(t)),iW’(q(t))) (left) multiplied by ¢’(t) (right) contains the point e(t) := dh(dﬁ.

fit1

(h(a) ~hlacc) v = [ sup((&(a®)q'©) - v)de =5,

ti

)V, (14)

L1
where we have used Definition 5.3 to write the equality. Since Eq. (14) holds for almost all u € A;, it follows by continuity
and taking the limit as u — p(t;) from either side of the path p that
fit1
(h(ptiz1)) —h(ptD)) - v < / sup((g(p®)p'(®)) - v) de=(Sy, . 9V (15)
ti

Summing the contributions of Eq. (15) for i =0, ...,k,

k—1 k—1
(h(w) —h(@) v = g(h(rm) —h(t))-v < ;;(s Dot ® V= h )Y

and it follows that Spw)—n(z) < Sfp g¢» 1-e,, the support function of h(w) — h(z) is bounded by the support function of fp g.
This implies h(w) — h(z) € fp g, as required. O

Corollary 5.7. Suppose h € [ g is a primitive for a Scott continuous g : U — C(C). Then for any closed contour p : [a, b] — O, with
p(a) = p(b), where O is an open connected component of the domain of definition of g, we have

Oe/g.

p
6. Conclusion and further work

We have defined a simple notion of L-derivative for complex Lipschitz maps, which is given at any point by the intersec-
tion of a shrinking sequence of non-empty convex compact subsets of the complex plane. It extends the notion of complex
differentiation, fundamental theorem of calculus and fundamental theorem of contour integration to complex Lipschitz maps
in a domain-theoretic framework which allows an effective formulation. This is therefore the first step in a domain-theoretic
context to bring complex analysis within the sphere of type theory and recursion theory.

A main task for future work would be to develop a domain for complex Lipschitz maps which can represent and approx-
imate any such map and its L-derivative. This would entail the construction of domains for real vector valued functions of
several real variables which would extend the results in [22] for multivariable differential calculus. We also need to inves-
tigate the question of decidability of the existence of a primitive for rational step functions to obtain an effective version
of Theorem 5.6. On this basis, we ask if one can develop denotational semantics for programming languages with a proper
complex function data type as done in the case of real functions in [11]. We can also ask, as it was done for the case of
real maps in [17]: what is the weakest topology induced on the set of all complex Lipschitz maps by the L-derivative oper-
ator? Finally, one can investigate the properties of the complex L-derivative with respect to complex Lipschitz manifolds in
differential geometry similar to the application of the Clarke gradient to real Lipschitz manifolds [36].
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