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Abstract

A Teleo-Reactive (TR) sequence is a sequence of <situation— action> rules. The output of a TR
seguence is the action part of the first rule in the sequence whose situation part evaluates to true. In
this paper, we present an algorithm for simplification of TR sequences, by which we mean to obtain
another TR sequence, if any, that is smaller but semantically equal to the given one. The simplification
algorithm can also be applied to decision lists, because a decision list is a special case of a TR
seguence in that the only actions are true (1) and false (0). We will also discuss that the algorithm can
be extended in order to simplify multivariable decision trees. We then extend the use of the
simplification algorithm to simplifying classification rules.

Keywords. TR programs, Classification rules, Rule induction, Order-dependent rules,
Smplification.

1. Introduction

A Teleo-Reactive (TR) sequence is a sequence of <s—=a> rules, where s denotes a conjunction of
binary literas, and a denotes an action [1,2]:
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TR sequences were introduced in the context of robot control programs to provide easily-understood
and robust control programs for robots involved in dynamic and unpredictable environments. The
following example gives an informal idea about what a TR sequence is and how it works. A formal
definition of TR sequences will be presented in the next section.

Example 1. Suppose there are a ball and a robot that can perform three actions: rotate, move-forward,
and kick (the ball). Let these actions be denoted, respectively, by r, m, and k. Also suppose the robot
can perceive, using its sensors, if it is facing the ball, denoted by f, and if it is at the ball, i.e. ready to
kick it, denoted by a. The task that the robot is going to perform is to kick the ball. Table 1 shows two
possible TR sequences, t; and t,, that can be used as the control program in the robot to complete the
task.

Tablel
fy t
a=>k a=k
-alf =m f=>m
—all-f-=r T-=>r

The robot uses such a TR sequence as follows. Continualy, it evaluates the situations from top to
bottom, as in production systems, based on what it perceives using its sensors. The robot will take the



action that corresponds to the First True Stuation (FTS). It will continue performing the action until
the FTS changes. So, at anytime, the robot will be performing the action that corresponds to the current
FTS.

Let us see how t; or t, can be used to complete the task. The first rule, either int; or in t, tells the robot
to kick the ball if at it. The second rule makes the robot perform the “move forward” action if the robot
is not at the ball but is facing it. And the third rule makes the robot rotate if the robot is neither at the
ball nor facing it.

Fig. 1 shows a possible scenario. First the robot is neither at the ball nor facing it. So the third rule is
fired. Therefore, the robot rotates which will eventually make it -in normal conditions- face the ball,
resulting in making the situation of the second rule the FTS. Then, the robot will move forward toward
the ball while facing it. Therefore, in normal conditions, it will get to the ball meaning that the
situation of the first rule will be the next FTS. So the robot will eventually kick the ball.

1) Rotate )

Fig. 1.

Note that both t; and t, suggest exactly the same actions at anytime, i.e. they are equivalent. However
t, is more compact than t; in that it consists of fewer literals, resulting in less memory and probably
higher speed in evaluating the situations. This illustrates the need for simplifying TR sequences, i.e. to
convert them to more compact and still equivalent versions.

Although TR sequences were initially introduced to provide robot control programs, they can also be
used as classification rules [3,4,5]. The only issue in using a TR sequence instead of a set of
classification rules is that the rules would be order-dependent, i.e. they must be scanned sequentially
from top to bottom. So, a TR sequence provides a sequence, rather than a set, of classification rules,
and it may also be called ordered classification rules. Note that a set of classification rules is a special
case of a TR sequence in which the situations are digoint.

Asan example, consider the following set of classification rules:

a—=>X

-alb=2Y
—ald-b0c>Z
—ald-bO-c22W

Clearly, the rules are order-independent. The following TR sequence can replace this set of
classification rules:

a=>X
b2>Y
c>Z
T=>W



The advantage of using a TR sequence instead of order-independent classification rulesis that the rules
would normally be more compact and possibly more readable. However, the disadvantage is that the
rules must be scanned from top to bottom. In other words, it is not possible to refer to a rule in the
middle without checking the rules at the above of it. So, the use of a TR sequence as classification
rules could be beneficial at-least for the applications in which the top-to-bottom scan of the rules does
not impose any additional cost.

Although producing smaller classification rules have been considered in the literature, taking
advantage of order of the rules to do so has not been addresses in the literature, which is what this
paper presents. In this paper, we present two algorithms, Remove-Rules and Remove-Literals, to
simplify a given TR sequence. They remove, respectively, redundant rules and redundant literals, if
any, from the given TR sequence. The main simplification algorithm will be a combination of these
algorithms. As a set of classification rules is also a TR sequence, the simplification algorithm can be
used in order to convert a set of classification rulesto a TR sequence.

The rest of this paper is organised as follows. In Section 2, we provide the basic definitions and define
the problem. Section 3 presents a simplification algorithm to remove redundant rules from a TR
seguence. In section 4, another algorithm is presented that removes redundant literals. The main
simplification algorithm is provided in section 5. Section 6 discusses that the algorithms can be used

for simplification of decision lists and that they can be extended in order to simplify multivariable
decision trees as well; Section 7 concludes the paper.

2. Basic Definitions

Definition 1. A situation is a conjunction of Binary literals.

Two special situations are the constant atoms denoted by T and F that, respectively, aways evaluate to
true and false. In this paper, we use “.”, in addition to[J, “+”, in addition tod, and “"* to denote,

respectively, conjunction, digunction, and negation.

Definition 2. Let A ={a,, &, ...an} denote a set of possible classes (or actions). A Teleo-Reactive (TR)
rule, or smply arule, isapair of <s,a>, where sisasituation and aisan element in A.

In this paper, we use r to denote arule and s>a instead of <s,a>.
Definition 3. A TR sequence is a sequence of rules.

So if tis a TR sequence, t=<ry, r,,...,I>, where r; denotes the i rule in the sequence. The most
common way to represent such a TR segquence, however, is the following:
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where s 3a; denotes thei™ rule, r;.
Definition 4. Let t=<rq,r,,...,r;> be a TR sequence. t is called complete if the digunction of all the
n
situationsin it isatautology, i.e. k@lsk =T.
Example 2. t; and t, in Table 1 are both complete TR sequences because:

Fort;: at+ a’+f+a’+f’ =T,and fort,; a+f+T=T



Definition 5. Let t=<ry,r,,...,[,> be a TR sequence. The First True Stuation (FTS) in t is the first
situation, i.e. the situation with the lowest index, that evaluates to true; that is s=FTSiff (s=T) and
Os, j<k= s=F.

Note that “=" here means “evaluates to” rather then “is equivalent to”, which is denoted by “ ="

Definition 6. Let t be a TR sequence. By the output of t, denoted by t( ), we mean the action part of the
rule whose situation isthe FTS, that ist( )=a iff S=FTS.

Clearly, if t is complete then the output of t will always be defined, because the FTS always exists. For
this reason, a complete TR sequence may be used in a robot as the control program, i.e. to determine
the action to take at a given time. However, if the TR sequence is not complete, no action can be
determined when none of the situations eval uates to true.

Example 3. Consider t, in Table 1 and the scenario shown in Fig. 1. Since the robot is neither at the
ball nor facing it, only the third situation, T, evaluates to true; so FTS=T and t,( )="rotate”. And
performing this action, in normal conditions, makes the robot face the ball, in which case the FTS and
the output of the TR sequence will be, respectively, f and “move-forward”. Similarly, performing
“move-forward” will, in normal conditions, make the robot get to the ball, which means the next FTS
will be a, and the robot will then kick the ball.

Definition 7. Let t; and t; be TR sequences. We say t; and t, are equivalent, and write t; =t, or t, = t; if,
at anytime, having the same values for the atoms used in the situations, the output of t; is the same as
the output of t,, i.e. either none of the outputsis defined or both of them are defined and are the same.

Definition 8. Let s be a situation in a TR sequence. The length of s, denoted by I(s), is the number of
literalsin s. The length of T and F are both defined as 0.

Definition 9. Let t be a TR sequence. The length of t is defined as ()= Z [(s) .

sisasituationint

The simplification problem. Let t be a TR sequence. By simplifying t we mean to obtain another TR
sequence, say tg, if any, such that ts=t and I(t;)< I(t). Idedly, ts would be the most simplified form of
the TR sequence, which means it cannot be simplified anymore, i.e. for every t;, (t; =t)= I(ts) <I(ty).
The algorithms we present in this paper, however, do not guarantee to provide the most simplified
form of agiven TR sequence.

The purpose of simplifying a TR sequenceisto have a smaller one that still is semantically equal to the
given TR sequence. It can result in both less required storage and possibly more readable TR sequence.
In the case of robot control, it may also result in faster processing and therefore faster responses to
input stimuli.
Example 4. t; and t, in Table 1 are equivalent, but t; is smaller than t, because:

I(t)=1(@)+ I(a’f) + I(H=4 and I(tx)=I(a)+ I(f) + I(T)=2

Sot,isasimplified version of t;.

During the rest of the paper, we assume that the input TR sequence is the following:
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3. Removing Redundant Rules

In this section, we provide an algorithm that removes all the redundant rules, if any, from a given TR
sequence. A special case of redundant rules is a never-executed rule. We first present an algorithm to
remove never-executed rules and then extend it to remove any redundant rules.

Definition 10. A never-executed rule is arule whose situation will never bethe FTS.

Example 5. Consider TR sequencet; in Table 2.a. The second rule, a.b.d 2 a,, is anever executed rule
because if the situation of the second rule is true, the situation of the first rule will also be true, i.e.
a.b.d= a.d, and therefore the situation of the second rule can never bethe FTS.

The fourth rule, b.c.d=a,, is dso a never-executed rule because if the situation of the fourth rule is
true, at least one of the situations of the third or the first rules will also be true and therefore the
situation of the fourth rule can never be the FTS. That is because b.c.d= a’.c.d + a.d. So t, shown in
Table 2.b will be asimplified version of t;.

Table 2.

@t (b) to (9 ts dts
a.d-=>a ad=>a ad=>a ad=>ag
abd=>a, a’‘cd=>az de2>as d.e2as
a‘cd?a; |deas cPa c>a
b.cd=>a, c>a c’d.e> ag e ag
de=>as c’d.e=> a4
c>a3
c.de>a

A never-executed rule is in fact a rule whose situation will not be true unless the situation of another
rule of ahigher order, i.e. alower index, istrue, i.e..

ri (i>1) isanever-executed ruleiff 5§ = Ll_j 'S
<J<I

Therefore, the following algorithm can be used in order to remove never-executed rules:;
Algorithm Remove_never-executed_rules:

For all rules, r;, fromr,tor, do
Make Lavovei= O S
I<j<i
If S = Lapovej then //if 5 can never bethe FTS
Deleter;
End For
End

Theorem. (a) If ryisarule that algorithm Remove_never-executed rules deletes, ry is a never-executed
rule. (b) If ryisanever-executed rule, then the algorithm will delete it.

Proof.
(a). The agorithm deletes rule r, only when the If condition evaluates to true. So if ry is removed by

the algorithm, then s = Lapovers Whichmeanss= O ’ §, that isry is a never-executed rule.
1<j<

(b). It isclear that if r, is a never-executed rule at the time i=k in the algorithm, then the algorithm will
remove it. So we only need to see whether r, will still be a never-executed rule if a higher rule is



removed. Let assume that r,, m<k was a never-executed rule and removed. We would like to see if ry
is still a never-executed rule. In other words, we have:

sv= 0O §

I<j<m

|:| 3
Jsj<|<S

and wewould liketo seeif &= 0O §

I<j<i
j£Em
= [0
(s KM%)
= (s> 0 s 0sy)
]§J<|
j£Em

Hence (x= O s 0( O s)) ,becausewehaves,= 0O
<j<i I<j<m I<j<m

JZm

== 0§)
];J<|
j#Em

So, if ¢ isanever-executed rule, it will still be so even if a higher never executed rule is removed.

In addition to never-executed rules, there might be other rules that are also redundant. Such rules may
fire in some circumstances as they are not never-executed rules. However, in a such a circumstance,
another rule with the same action will be fired if the rule is removed from the TR sequence. Now, we
generalise the discussion and derive an algorithm that removes any redundant rules.

Definition 11. A redundant rule is a rule whose removal from the underlined TR sequence does not
affect the output of the TR sequence.

Example 6. The second rule in TR sequence t, (Table 2.b) is a redundant rule although it is not a
never-executed rule. To see why it is redundant, remove it from the TR sequence. Then t; (Table 2.¢)
will result. That rule could be fired, in t,, only if a=F, c=T, and d=T, in which case the second rule in
tz would fail and the fourth rule would be fired resulting in taking the same action, ag, as the action of
the removed rule. This means that even if the rule is removed from the TR sequence, the output of the
TR sequence remains the same.

Now, let us see when arule is redundant. Let t=<ry,...Ne 1Mok, > DE @ TR sequence, where r;
denote s2a. Then the TR sequence resulting from removing r, from t will be te=<ry,... re
1M1, > Obvioudy rintis aredundant rule iff t=t5, which means (ry is redundant) = ( t( )=ty( )).
It is clear that the right hand side of the equation will hold in the case that FTS in t is one the situations
above s, or one of the situations below it. So the only remaining caseiswhenthe FTSintiss. In other
words, risredundant int if and only if (S=FTS = t()=t4()) or simply (sS=FTS = ty()=ay).

One circumstance that this condition holds is when s, cannot be the FTS, i.e. when r is a never-
executed rule, which was discussed before. Clearly, if S=FTSint, then none of the situations s, i<k
can bethe FTSint, Sothe FTSints must be as such that i>k. therefore, we can write:

(reisredundant) = (s=FTSint = 0s, >k, a=a, S=FTSinty)
= ([0 9)'0%9= Os,j>ka=a.( 0 s)'05)
<i< l=m<j
mzk

=((,0,8) 0)= 0s,j>k a=a (0, s 0( 0 )’ 0s)

I<i<k m<j

E((Jsli:|<k%), DSK): D%,j>k’ aj:ak' (an;l<k Sm)/ |](k<E<J' Sm)/ Dﬁ)

Note r, does not exist ints. Now, let us define:

Labove k= K|i:|<k S



and
Lbdow,k,j:( k<§<j S’ 0O %)

Then we will have:

(reisredundant) =((Lapover) " 0S)= s, j>K &=a, (Lavover) " O Losiowk;
= ((Lavover) " Os) = Os;, j>k, a=ay, Loaowk;

Now, let us define Aosowka, = g Loaow;- Note that if there is no operand for the O operator, we
J>
aj=ay

will assume that the expression evaluates to false. Then we will have:

(rk isredundant) = ((Labover) " US) = Avaiowk a
= ((Labove,k) ’ DSK) "0 ’A‘beiow,k,au<

E((I—above,k) Dskl 0 ’A‘beiow,k,au<
and finally

(reisredundant) = (Sc<= Lavovek U Avaowka, ) (Eq.1)

Now, we present the algorithm that removes redundant rules, including never-executed rules:

Algorithm Remove_Rules:
For all rules, r;, fromr; tor, do

a. Let Liotari=Labovei U Abdow,i,a

b.If s = L, then //if 5 iseither a never-executed rule or not a never-executed rule but
till redundant
Deleter;
End For
End

Theorem. (a) If ry is arule that algorithm Remove Rules deletes, ry is a redundant rule. (b) If rgisa
redundant rule, then algorithm will delete it unlessit is used to delete a higher redundant rule.

Proof.
(). The algorithm deletes rule r, only when the condition S = Lapovex * Anelowi.ax €valuates to true,
which meansr, is aredundant rule.

(b). It is clear that if ry is a redundant rule when i=k in the algorithm, then it will be removed. So we
only need to see it will still be aredundant rule if a higher rule is removed, unlessit is used to remove
that rule. Let assume that r,, m<k was a redundant rule and removed. We have the following
assumptions:

(1) Sn= Labove,m O Abelow,m,am
(2) = Labove,k O 'Abelow,k,ak
(3) (r¢ has not been used in removing rp,,)

and we would like to show that r, will still be redundant after removing ry,, i.e.:

(Sk: D S O Abelow,k,ak)
]$]<|
j£Em
Based on assumption (1), we have:

(Sn= Labovem U Abelow,m,am)
= (sh> a S D(qu, m<d, a4=am, Lbdow,m,q)
1<j<m



Because of assumption (3), q cannot be equal to k, and the above expression will be equivalent to:

(= EEmg 0(Org (M<g<kor k<g), a=amblogonme) (4

On the other hand we have:

Assumption (2) implies (sc= L_Dks Usm U Apgowk,a, )
sj<

jzm
Then using (4):
Assumption (2) implies (sc= LDks, g L_D § 0(Orq, (Mm<g<kor k<q), Lodowmq) O Apdowk,a, )
<j< <j<m
j#zm
Which implies (s,= (quk%) 0 Aveowk,a, D (Hrg (M<g<kor k<q), Lesowmg) ©)

J#m

Now, let us define:

X=(Orq, m<g<k, a5=am Logowma)
Y=(0rg, k<0, 84=am, Lodowmg)

Then we have:
X= Orq, <<k, g=an( O §)' 0s)
g<j<m
= Org, o<k, s
=(0s)

1<j<k
j£m

and

Y= Orek<as<n, g=am( 0 )" Os)
q<J<m
= Orgk<q( O s))
g<j<m
:>S,<,
Therefore:

O)= (= (K|l:|<i §) 0 Abelow,k,ak OXay)

j#m
= O 0 O( 0 s)0s’
(SK:(]quﬁ) Abelow,k,ak (15j<k§) S
j#zm j#£m
== O O
(SK 1<j<i S Abelow,k,ak )
j#m

and the proof is complete. So, if r has not been used in removing r,, then it will still be redundant
after removal of ry,

4. Removing Redundant Literals

Redundant literals in a given TR sequence are literals whose removal does not affect the output of the
TR sequence.

Example 7. Consider t; in Table 2.c. Literal ¢ in the last rule, c’.d.e> ag, is redundant because if
neither of its above situationsis FTS, then ¢ will certainly be false, because if ¢ is true and the first and
the second situations are not FTS, then the third situation will be the FTS. Literal d in the last rule is
a so redundant, because it can never be false unless e=F (otherwise the second rule would be fired) in



which case the rule would not fire. So whether or not it isin the situation does not affect when the rule
isfired. Therefore t; is equivalent to t, shownin Table 2.d.

Now, let us see when aliteral is redundant. Let t=<ry,...,r,,...,l> be a TR sequence where r; denote

P
s 2q;, and s= Dllr where |; is a literal. Then let t; denote the TR sequence resulted by removing 4
r=

P P
from s. t- is exactly the same as t except that s= Qllr intbut s= _Dl I, in ts. Obvioudly I4 is a
pzd
redundant literal iff t=t;, which means (I4 isredundant ) =(t()=tg()) It isclear that the right hand side
of the equation will hold when FTS in tsis one the situations above s, or one of the situations below it.
So the only remaining case is when the FTSin tsis s. In other words, r isredundant int if and only if
(scFTSints= t()=ty)) or simply (s=FTSints = t()=a..

Obviously, one circumstance that this condition holds is when s, cannot be FTS, which is what
discussed under never-executed rules. So here we assume that s, can be the FTS in t, and we would

like to see under which conditions the condition holds. If s=FTS in ts, then none of the situations s,
i<k can bethe FTSint. Sothe FTSint must be an s such that i = k. So, we have:

(lgisredundant) = (s=FTSint; = s=FTSint) O (Us, j>k g=a, §=FTSinty)
= (s=FTSints = s=FTSint) O (s=FTSint; = s, j>k, a=a, S=FTSint)

(Eq.l)
The |eft operand of the [0 operator in this equation is equivalent to the following:
(s=FTSints = s=FTSint)

p p
=(0.$)’0 0= (0900l

I<i<k
pzd

p p
E((Labove,k)/ 0 r:Dl Ir): (Labove,k), O r:Dl Ir Dld

pzd pzd
Now, let usdefine Ljeraski. = O [. Then this expression will be equivalent to:
" isaliteral ins,
1#ly

(Lavover) " U Lijterais ki, = (Lavover) ” U Liiteraiskia Cla

= (Labover) " U Liiteraisk,j, = la

= Labovek U (Liiteraisk,t, ) O la

On the other hand, the right operand of the O operator in Eq. Il will similarly be simplified:

(s=FTSint; = Os, j>k, a=a, S=FTSint)
= ((Eiqkq)’ O11...l41lge1...lp= Os, j>k, a=ay, (qu Sw’ 0s)

(Lavover) " U Lijtgras ki, = U, 1>k a=ay, ((JSE« Sm) D(qu Sw) " 0s)
= (Labove,k), O I—Iiterals,k,ld = DS! j>k7 aj:aka (]SE(k Sm), D(k<E|<j Sm), DS)

= (Lavover) U Ljjtwask), = Us,J>K a=ak, (Lavover) " U Loeiowk;

= (Labover) " O Lliterals,k,ld = Dsjl >k, =2, Lbelow,k,j

(Lavover) " U Lijteraiskl, = Aoelowkak
Labove,k D(Lliterals,k,ld )/ O Abeiow,k,ak



So Id isredundant = (Labove,k D( LIiteraJS,de )/ O Id) 0 (Labove,k D( I—Iiterals,k,ld ), U Abdow,k,ak )
Labove,k D( Lliterals,k,ld ), g Id O AdeW:k:ak
(la" = Labovex U(Liiteraiskty ) U Astomka ) (EQ-111)

Now, we present the algorithm that removes redundant literals, including never-executed rules:

Algorithm Remove Literals:
For all therules, r;, fromr, tor, do
a. Build Labove,i and Abelorw,i,aj

b. For eachliteral | in s do
Build Lijterasii

Let Liotali) = Labovei + (Liiteraisit ) * Apaiow,ia,

IfI”"= Lo, then removel fromr;
End For
End For
End

Theorem 3. Let |4 be aliteral in situation 5. (a) If algorithm Remove_Literal deletes |4 from s, then Iy
isaredundant literal. (b) If 14 isaredundant literal, then the algorithm will delete it from s.

Proof.
(). The algorithm deletes literal I only when the condition of If, i.e. l¢’= Lgq y, » valuates to true.

Thereforeif 1 isremoved by the algorithm, we will have:

(la" = Liotaikia)
= (la" = Lavovex + (Liiteraiski, )+ Areionka, )

= (lyisredundant), because of Eq. I11.
(b). It isclear that if |4 isaredundant literal when i=k in the algorithm, then it will be removed. So we

only need to see whether it will still be a redundant literal if aliteral in a higher rule is removed. Let
assume that literal | in r,, m<k was aredundant literal and removed. We have:

Idl = I—above,k + (I-Iiterals,k,ld ),+ Abelow,k,ak

Clearly, removing I from s, will only affect Lapowex and does not change Ljieraskig @d Aveowk,a, - L€
L and L denote respectively Lok before and after the removal of | from s, Then we have:

7 before 7
la"= L™+ (Liiteraisk, )+ Podowk,a,

before

Also, let s, and 5,7 denote respectively s, before and after the removal of |.. Then we will have:

"= ( 0§07~

JEFm

+ (Liiterais ki, ) Podowk,a,

On the other have we have:

Smbefore = Smafter O Ic-

So, we will have:
’ after [
("= H 506"

JFm

o)+ (Liieraski, )+ Podowk,a, )

= ("= 05 06"™) + (Litaski, )@+ Aodowka, )
1< j<k

j#Em

10



= (lg" = L™+ ( Liiteraiskly )+ Podowk.a, )
which means that literal |4 is still aredundant literal in s, after the removal of |..
Example 8. Consider Example 1. Simplifying t; will result in t,.

Example 9. Consider tg and ty defined in Table. 3. Simplifying tg will result in tg.

Table 3
tg to
ab’'2a a=>a
a’b=>a b= a
a=>a; c>a3
a’b’.c=>a3 T2>as
b.c=2 as
ad’=2>az
a’bc’'2 a4

For instance, consider rule b.c= a5 in tg. Thisrule is a never-executed rule, because if b.c=T then one
of the higher situations will be true. That is because b.c= a’b’.c + at+ a’b+a.b’. So thisrule does not
exist in tg. Now let us see how Algorithm Remove Rules removes this rule from tg. When i=5 in the
loop, the algorithm proceeds as follows: In step (a) it generates the following sets:

Laoes = O §=ab’+ a’b+tata’b’c=atb+c
I<j<5

A}eiow,s,as = j>D5 Lbelow,j =F

aj 5
Liotat,5 = Laboves + Ale‘O\N,S,a.s =atb+c
Then, in step (b) of the algorithm s = Liq 5 evaluates to true becauise:

(35 = Litas )= (b.c= atb+c) =T.

So rs, b.c 25, isremoved from the TR sequence.

Now, consider the first rulein tg. Literal b’is redundant because even if b istrue, i.e. a.b=T, the same
action, aj, will be the output, because in this case the second rule will fail and the third rule will be
fired. The agorithm, Remove_Literals, removes the literal as follows: When i=1 in the outer loop, it
generates the following sets during step (a):

Labover = 0O §=F

1<j<5

Asonia = O Lbdowij= Lodow1s=(_ 0 S’ Uss=(s)” Uss- (@’b)” Da=a
a s 1<m<3

aj=1

Then, in part (b), when|=b’, (b)" = Laowe:1 evauatesto false, and the following are generated, in the
else branch of the if condition:

Liiterals11=2
Liotal,1) = Labover + (Liiterals 11 ) + Agonns = F+ @+ a=T

Next, b= Lioa 1) evaluatesto T, and finally b’isremoved fromr;.
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5. TheMain Simplification Algorithm

The main simplification algorithm, Remove Rules and Literals, is an agorithm that combines the
above algorithms, Rmeove Rules and Remove _Literals. The reason why it is not simply a call of
Remove Rules followed by a call of Remove Literals is that removing literals can result in making a
rule redundant. On the other hand, it cannot be a call of Remove_Literals followed by a call of
Remove_Rules because removing a literal from a never-executed rule can make it a non-redundant
rule. So, we have used a speciad combination of the two agorithms to devise agorithm
Remove Rules and Literals.

Algorithm Remove Rules and Literals:

For all rules, r;, fromr; tor, do
a. Build Labove,ia and Abelow,i,ai

b.If S = Lapowei + Podow,i 3, then // if r; isa redundant rule

Deleter;
Else
. For each literal | in 5 do
Build Lijjeras;i,
If1"= Lapovei + (Liiteraisi) ) + Apeiow,i,a, thenremovel fromr;
End For
End If
End For

End

Theorem 3. (a) If risarulethat algorithm Remove Rules and_Literals deletes, r will be a redundant
rule. (b) If ry is a redundant rule then the algorithm will delete it unless it is used to delete a higher
redundant rule. (c) Let |4 be aliteral in situation s.. Then If the algorithm deletes | from s, then Igisa
redundant literal.

Proof.
(8). The algorithm deletes rule r, only when the condition S = Lapovex + Apelowi.ax €valuates to true,
which meansr, is aredundant rule.

(b). It is clear that if ry is a redundant rule when i=k in the algorithm, then it will be removed. So we
only need to see it will still be a redundant rule if (1) a higher rule is removed, unless it is used to
remove the rule or (2) a literal in a higher rule is removed. Case (1) has aready been shown in
theorem2; so we here prove case (2).

Let assume that litera |. in r,,, m<k was a redundant literal and removed. We would like to seeif ry is
till redundant. Clearly, removing I from s, will only affect Layoex @nd does not change Aveiowk,a, -

Let L"® and L denote respectively Lapoex before and after the removal of |, from s, Then, since rk
is redundant before removing Ic, we have:

S<:> LbEfOI'eD Abelokayak

before

Also, let s, and 5,7 denote respectively s, before and after the removal of |.. Then we will have:

5= (0, 505" 0 Apowca,

j£zm

On the other have we have:

smbefore = smafter O Ic-

So, we will have:
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after [
&= quk% D(Sm « |c) U Abelow,k,ak
j#m
after
= ( &= 5|j:|<k$ |](Sm ) O Abelow,k,ak)
j£m

= (5= L"0 Aowkea,)
which means that r, is still redundant, after the removal of ..

(¢). The agorithm deletes literal |4 only in two cases: (1) when (I3" = Lapovex) in part b-1. and (2)
when (4" = Lo kia) in part b-2. So if 14 is removed by the algorithm, then:

(la” = Lavovel) O(la" = Liotaikia)
=lg" = Lasovex OLtota,kid

=lg" = Lapovek U Ljiterais,kly )5 Praiowi.a,

= (lqisredundant), because of Eq. I11.

Note that if |4 is a redundant literal, we cannot say that the agorithm will delete it from s. That is
because a literal may be redundant before the removal of a rule but not after it. For example consider
the following TR sequence:

a.b=>a;

a’‘b=>a,

b93.1

The first rule is redundant because if a and b are both true then the second rule will fail and the third
rule will fire resulting in the same action. If the first rule is not removed, literal a’ in the second rule
will be redundant. But if it is removed, the literal will no longer be redundant. So, this algorithm
prioritises deletion of redundant rules over deletion of redundant literals.

6. Simplifying Decision Listsand Multivariable Decision Trees

A decision listisalist of (fi,v;) pairs where f; is a conjunction of literals and v; is either true (1) or false
(0) [6]:
(f1.v1)

(FraVin)
f,, i.e that last fi, is the constant Boolean function T that is always true. A decision list L defines a
boolean function L(X) where X is the input vector. For any input X, L(X) is defined to be equal to v,

wherei isthe least index such that f;(X)=T. A decision list may be thought of as an extended “if-then-
elseif-...else- 7 instruction. We borrow the following example from [6]:

Example 10. Consider the following decision list L:

(X1.%350)
(X1 "X2.Xs,1)

(X3"%471)
(T,0)

L defines a Boolean function over binary variable x;,%X,X3,Xs, and Xs. Fig. 2 shows the Karnaugh map
for L. Infact, L isequivaent to binary function f= x;"X,.Xs + X1 "X3"X4"
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X3X4Xg
X1X2\_ 000 001 011 010 [100 101 111 110

o0 |1 1 0 0 0 0 0 0

o1 (1 1 1 0 0 1 1 0

11| 0 0 0 0 0 0 0 0

10| O 0 0 0 0 0 0 0

Fig. 2.

Obviously, a decision list can be viewed of as a special type of a TR sequence in that the only actions
are“0” and “1" [2]. Therefore, the presented simplification algorithms are applicable to decision lists
as well. Consider, for instance, decision list L in example 10. Algorithm Remove-Rules does not affect
L as there is no redundant rule in it, but algorithm Remove_Literals removes literal x;” from the first
rule and then x’from the second rule resulting in the following decision list:

(Xlao)

(X2,%s,1)

(X" Xa;1)

(T.0)

On the other hand, a TR sequence is a special type of a binary multivariable decision tree. In such a
decision tree, each node corresponds to a conjunction of some binary literals, and therefore evaluates
to either true or false. The simplification algorithms, therefore, can be viewed of as specia cases of
more general algorithms that can be used to ssimplify general binary multivariable decision trees. Fig. 3
shows, as an example, a possible sub-tree of a binary multivariable decision tree and its simplified
version.

(8) before simplification (b) after simplification
Fig. 3.

However, it is important to note that there will be no need for simplification if the algorithm used to
construct such atree has already generated the tree with no redundancy, which is highly probable.

7. Simplifying Classification Rules

In this section we focus on the case that we are given a set of order-independent classification rules,
rather than a TR sequence, which we would like to simplify. We assume that each attribute is discrete
and has a finite set of possible values, e.g. {1, 2, 3}. Such a set of rules could be the output of arule
induction agorithm such as ID3 [7]. In a very special case it could also be the samples itself. We
would like to extend the use of the simplification algorithm to simplifying such rules.
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The first issue in simplifying a given set of classification rules is that the resulting rules will not be
order-independent anymore. Therefore, it is not possible to refer to a rule in the middle of sequence
and consider it as an independent rule. On the contrary, when referring to rule in the sequence, one
must bear in mind that neither of the above rules was fired. This could be a big issue in some
applications, while acceptable in some other applications in which the rules are scanned from top to
bottom. In order to reduce this shortcoming, we suggest that we sort the input rules over the classes so
that all the rules having the same output are listed together followed by another set of rules of the same
output, so on. This method of ordering the rules has two advantages: (1) when referring to arule in the
middle there is no need to assume that the above rules of the same class has not been fired and (2) the
only assumption to make when referring directly to a rule is that the output class cannot be a class
appeared on the above. So great improvement can be gained by sorting the rules. Moreover, this type
of sorting speeds up the simplification algorithm. So we sort the rules before simplifying them.

As the smplification agorithm has been presented to smplify TR sequences, it assumes that the
attributes are Binary. Therefore the next issue in applying the simplification algorithm is how to
convert the given rules into binary-attribute rules. Two possible ways for such a conversion are what
we call Binary and Unique encoding. The former uses a binary code to represent possible values of
each attribute. For instance if attribute a has three possible values of 1,2, and 3, then they could be
represented, respectively, by 00, 01, and 1x. In Unique encoding, however, more bits are used, one per
value. Unique encoding represents each attribute a having k possible values: vy, vy, ...V, in terms of a
bit string of length k such that a 1 in the j" position of the bit string means that the value of a isv;. For
instance, attribute a could be 100 for 1, 010, for 2, and 001 for 3.

Although Binary encoding uses fewer bits than Unique encoding, a potential disadvantage with it
could be that it allows more than one rules to be represented as a single rule. For instance if attribute a
can be either 1, 2, or 3, represent respectively by 00, 01, and 1x, then value Ox for awould mean if a=1
or a=2, which is in fact the combination of two rules (recall that each situation is a conjunction-not
digunction-of literals). Values like Ox may occur as a result of simplification or the application of a
rule induction algorithm. So we are mainly interested in Unique encoding in this report.

A possible approach to simplifying the given rules is to assume that the rules are samples and perform
the following steps:

(1) encodetherules

(2) runaruleinduction algorithm, such as (Binary) D3 to extract the rules

(3) runthe simplification algorithm

(4) decode the rules(optional)

However, when the given rules are not samples but the output of a rule induction algorithm, we are not
interested in this approach, because if such an approach is used directly on the real samples it will
usually result in afewer induced rules, e.g. asmaller ID3 tree, compared to the case in which it is used
on the rules. The reason why is that the given rules usually cover more cases than the samples,
therefore a rule induction algorithm have more “freedom” to work on the samples rather than to work
on the rules. Consequently, the induced rules —at least before simplification- will be fewer if samples
rather than the rules are used. The only case when such an approach could be beneficial is when the
coverage of the given rulesis really good, and we want to keep that coverage.

The second approach is simply the application of the simplification a gorithm along with encoding and
decoding:

(1) encodetherules

(2) runthe simplification algorithm

(3) decode the rules(optional)

However, unigue encoding is not suitable for this approach, despite the previous one, because it results
in having many don’t cares. Having don’t cares was not a problem with the previous approach asarule
induction agorithm, such as ID3, uses them to produce a better result, e.g. a smaller 1D3 tree. It
however is a problem with this approach, because simplification does not use them, as it is supposes
not to change the coverage. Therefore we introduce another type of encoding , we call x encoding,
which is similar to unique encoding except that x is used instead of 0.
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Example 11. Suppose that an attribute can have three values: 1, 2, or 3. Using unique encoding we will
have 100 for 1, 010 for 2, and 001 for 3. So we will have 2°-3=5 don’t cares that are: 000, 011, 101,
110, 111. If an attribute have k possible values, the number of don’t cares will be 2“k. Now using x-
encoding, we will have 1xx for 1, x1x for 2, and xx1 for 3. So the only don't care is 000.

One feature of x-encoding is that each attribute in the resulting rules will be mentioned at most once.
For instance if attribute a can be 1, 2, or 3, there will be either a=1, a=2, or a=3 condition in a rule.
However, using unique code arule can contain conditions likea# 1 And a# 3 in the samerule.

In order to use the remaining don't cares in x-encoding, we add some dummy rules at the top of the
given rules before applying the simplification and remove them afterward. This allows the
simplification algorithm to take the advantage of the don’t cares in order to result in a more simplified
output. Let us assume that the don't care resulted by applying x-encoding to an attribute a with k
possible values corresponds to a specia “virtual” value denoted by x,. Clearly attribute a can never
take value X,. For instance, x, for attribute a in Example 11 will be coded to 000, athough it can never
be a possible value for a. Then we use the following steps:

(1) Add the dummy rules at the top:
For each attribute a, do:
Add (a=x;)>"dummy” at the top

(2) Apply x-encoding
(3) Run the simplification algorithm
(4) Remove the dummy rules:
For each ruler, whose action is“dummy” do
Remover

(5) Decode therulesinto the original format

8. Experimental Results

To test the simplification algorithm, we applied it to two problems: Car Evaluation and Monk’s first
problem[8]. The datasets and the description of these problems can be found at the UCI machine
learning repository (http://www.ics.uci.edu/~mlearn/ML Repository.html). Since the simplification
algorithm is applicable to Binary domain only, we had to code the values in the datasets into binary
string. We tested the algorithm for both binary and unique encoding. Since the simplification algorithm
is order-dependent, we ran it three times each with a random order. Table 4 shows the results. Note
that the simplification algorithm does not change the accuracy of the rules.

Table4.

#rules #rules(#tests) #rules(#tests) #rules(#tests) #rules(#tests) #rules(#tests)
Problem #attributes before after after after average-

in samples simplification- simplification simplification simplification reduction%

accuracy% runl run 2 run3

Car
Evaluation 1728 79(776) 47(304) 54(321) 60(371) 53.67(332)
(Unique) 6 100% 32.1% (57.2%)
Car
Evaluation | 1728 127(1105) 35(104) 50(162) 48(148) 44.3(138)
problem 6 100% 65.1% (87.5%)
(Binary)
Monk’s
first 124 21(142) 15(57) 17(40) 12(40) 14.67(45.67)
(Unique) 6 92.59% 30.2% (67.8%)
Monk’s
first 124 34(203) 31(80) 27(79) 25(82) 27.67(80.33)
(Binary) 6 87.73% 18.6% (60.4%)

This table shows that simplification could be useful in reducing the size of a given set of rules. Better
results are gained if the input rules are complete and the last rules are al of the same output and
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preferably as more as possible. The reason why is that all of such rules will be replaced with T->the
class, by the simplification algorithm. However, if the given rules are so, then it would be more fair to
compare the output of simplification with a modified version of the rules that has the default to major
rule (T->major class as the last rule)[9]. Table 5 provides this comparison for both Car Evaluation and
Monk’s first problems. Note that the output of binary D3, despite the non-binary one, is necessarily
complete.

Tableb.
Using Using

Problem Before T-> Mgjor T-> Mgjor

simplification before Simp. | after Simp.
Car
Evaluation 79(776) 44(413) 36(225)
(Unique) 100%
Car
Evaluation 127(1105) 68(572) 34(173)
problem 100%
(Binary)
Monk’s
first 21(142) 10(62) 10(50)
(Unique) 92.59%
Monk’s
first 34(203) 16(92) 16(75)
(Binary) 87.73%

In the next series of experiments, we used the inducer software [9] to receive the classification rules
for Monk’s first problem using both the standard ID3 and Prism algorithms [10]. Then we applied x-
encoding followed by the simplification algorithm to simplify the induced rules. We performed the
experiment for both with and without the default to major rule cases. Table 6 shows the number of
rules and literalsin different cases.

Table6.

After Simp. After Simp.
Problem Before simplification | Without using With using

Dummy rules Dummy rules
Monk’s first- not | 52(226)
complete 76.6% correct 50(199) 37(130)
(ID3) 10.4% not covered
Monk's  first- | 27(110)
complete using | 85.9% 22(89) 22(85)
T->Mgjor class 0% not covered
(ID3)
Monk’s first- not | 25(75)
complete 87% correct 21(60) 15(35)
(Prism) 13% not covered
Monk’s first- | 6(10)
complete using | 100% 5(7) 5(7)
T->Mgor class 0% not covered
(Prism)

Comparing Table 4 and Table 6, on the Monk’s problem, another interesting results is seen, which is
independent of the simplification issue. It can be seen that using unique encoding aong with (Binary)
ID3 has the following advantages over using just the standard ID3:

«  Higher percentage
*  Providing complete rules set, i.e. no missing link in the ID3 tree
o Smaller size, e.g. fewer rules and literals

These advantages could be due to the fact that unique encoding provides us with more expressability.

Because of these advantages the following method could be a possible useful replacement for the
standard 1D3:
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(1) Apply unique coding to the samples
(2) Apply (Binary) 1D3 to the coded samples and derive the rules
(3) Decodetherules

However, the main limitation with this approach is that it is not practical if the underlying problem
involves attributes with many possible values, including as continuous-val ues attributes.

9. Conclusion

In this paper, we presented two algorithms to remove redundant rules and literals from a given TR
sequence. Then we draw the main simplification algorithm by combining the agorithms. The
simplification algorithm can also be applied to decision lists, asadecision list is a special case of aTR
sequence. The algorithms may also be used in order to reduce the size of a set of classification rules by
converting it to a sequence of (ordered) classification rules. Such a conversion extends the use of the
simplification a gorithm from the context of robotics to data mining context.

Although the algorithms remove redundant rules and literals from a given TR sequence, the do not try
to achieve a more simplified version through re ordering the rules. Moreover, the algorithms are not

efficient in terms of complexity. So it is desired to enhance it to become both rules order-independent
and more efficient.
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